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NOMENCLATURE 
a constant in all rational function approximations; 
1/2 of the smaller side of rectangular element 
(torsional constants); radius of sectorial element 
(torsional constants); radius of circular plate. 
ID constant in all rational function approximations; 
1/2 of the larger side of rectangular element 
(torsional constants) 
c,d,a ,b , constants in rational function approximations 
...,a2,b2, 
h thickness of the circular plate 
k stiffness constant of lateral spring (stability of 
columns); elastic restraining constant (instability 
of a circular plate). 
Z distance apart of inflection points under lateral load 
m mass per unit length"of beam 
p internal or external pressure 
q defined in equation (15); intensity of lateral load 
(instability of a circular plate) 
r radial coordinate 
t thickness of plate, shell skin 
w deflection of column, beam; radial displacement of shell 
w. imperfection in a shell body 
x nondimensional cartesian coordinate 
A,B constants 
C constant; stability function (stability of frameworks) 
D Eh3/(12(l-v2)} 
E Young's modulus 
G modulus of r i g i d i t y 
I moment of i n e r t i a of column, beam cross sec t ion 
J A ) , J ( ) Bessel func t ions of f i r s t kind 
K K /K for rectangular element (torsional constants); 
M7/G$a4 for sectorial element (torsional constants) 
o 
K_ M /G6(2a) 2b for rectangular element 
K M, /T (2a) (2b) for rectangular element 
d. Xi max 
K K, stress concentration factor in tension, bending 
K* defined in equation (ko) 
L length of column, beam 
M torque carried by the torsional element 
N lateral load on a column, beam 
P axial compression 
P classic critical load c 
P critical axial compression cr ^ 
P actual buckling load exp & 
P critical load predicted from Southwell's plot 
msw ^ 
P maximum l o a d l e v e l u s e d t o g e t S o u t h w e l l d a t a . 
sv 
Q T T 2 E I / L 2 
R radius of fillet (experimental data); radius of 
column end (stability of columns); radius of 
circular shell 
S, SC stability functions (stability of frameworks) 
W amplitude of deflection function 
W. amplitude of imperfection 
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3 
kli /EI; sectorial angle in degrees (torsional 
constants) 
<f)L/EI (columns and beams); nondimensional res t ra in ing 
constant for c i rcular plate ( i n s t a b i l i t y of a c i rcular 
plate) 
displacement 
% error (in all approximate formulae) = 
{100-(Approximate value - exact value)/exact 
value} 
maximum % error 
ratio of length of rigid body to the length of column 
intersection ratio (as shown in Table 8) 






critical radial stress 
critical compressive stress 
maximum shear stress 
stress function 
torsional stiffness constant associated with 
rotational restraint (columns and beams) 
tangential coordinate 
natural frequency of vibration 
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SUMMARY 
The subject of elastic stability has been studied for many years 
and the various formulations have grown increasingly complex. The basic 
aim of this research has been the attainment of simplicity with accuracy. 
The particular work described in this thesis is both of experimental 
and analytical type. 
The purpose of the experimental research undertaken was to 
develop a reliable yet simple nondestructive testing technique for 
thin cylindrical shells under axial compression. The basis of the 
method is the fact that the stiffness of a compression member, in a 
direction normal to the applied axial load, tends to zero as the 
critical condition is reached. This is true for columns, plates and 
shells. For columns, it has some quite interesting practical consequences. 
It is shown in this work that the plot of stiffness versus axial compres-
sion for a column is a straight line and that these lines are a family 
of parallel lines for different boundary conditions. The product 
of the critical load and the stiffness of the column under no axial load 
is, therefore, constant. Consequently, it enables the accurate deter-
mination of the critical load from the knowledge of the stiffness of 
the column ascertained by nondestructive lateral load. However, for 
shell bodies such a simple relation is not apparent. Nevertheless, 
tests made on unstiffened, stringer stiffened and stringer and ring 
stiffened circular shells demonstrates that even for low values of 
XI11 
compressive force there is significant change in wall stiffness under 
increasing axial load and at many points the plot of stiffness 
versus axial force is linear. It is shown that the point at which this 
decrease in stiffness is maximum is the center of the first unstable 
region and its intercept on the load axis accurately predicts the 
actual buckling load. Thus the process generates data on the relative 
strength of various portions of the shell body as well as defining 
the critical condition. Further studies made on an unstiffened 
elliptic shell with and without a cutout indicates that the method is 
pertinent to noncircular shells. The results predicted by this 
loss of stiffness method are extremely accurate. However, this 
method is not applicable for all types of shell bodies. Its 
inadequacy to predict accurate critical condition for a spirally 
stiffened shell body is demonstrated. Nonetheless, when the 
conditions are appropriate, unstiffened or conventionally stiffened 
shell bodies under axial compression, the simplicity of the procedure 
and the elimination of the complex instrumentation and computation 
system makes this technique alluring to test engineers. 
The motivation behind the analytical research was to develop 
a systematic method for the derivation of simple, accurate but 
approximate formulae for the critical load, mode shape and deflection 
function for columns and plates with realistic boundary conditions. The 
unique properties of rational functions - viz the dependent variable 
being finite for infinite variation of the independent variable and 
vice versa, are used for the development of such derivations. The 
XIV 
critical condition to "be evaluated is expressed as a rational 
function in terms of the end fixity parameters. The known character-
istics of the structural element corresponding to the extreme and some 
intermediate conditions of the fixity parameters are then used to 
evaluate the appropriate constants in the rational function approxi-
mation. The formulae thus obtained are of high accuracy. The direct 
utility of these formulae to practising engineers is certain. Their 
value in reducing program sizes for many computer design problems 




The subject of the elastic stability of structures, in 
particular column structures, is not new. Column type devices have 
played an important role in civil engineering for many centuries. At 
first, of course, they were made from wood or stone but in more 
recent times metallic elements have tended to predominate. However, 
despite the universal role of these elements for so many years there 
are still some issues of concern in their use. The prime problem 
to be resolved centers around the conditions of end fixities which 
exist in realistic structures. The problem has long been recognized. 
However, mathematicians have primarily devoted their attention to 
those idealistic conditions which are described as simply supported or 
rigidly clamped. Simple support means the freedom to rotate but 
not to translate while clamped implies the freedom neither to rotate 
nor translate. At a practical level neither of these ideal conditions 
is attainable. Nevertheless, over the many years of experimental and 
analytical study which have followed the pioneer work of Musschenbroek 
(l) and Euler (2) these ideal conditions have been sought by the one and 
assumed by the other. 
The first study in the stability of columns was made by 
Musschenbroek (l) in 1729• He constructed a machine specially to 
investigate the behavior of axially compressed columns. As the result 
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of his study he was able to propose an empirical formula for the 
compressive strength of a column. He suggested that resistances of 
beams compressed by forces parallel to their length, all things 
being equal, is in the inverse ratio of the squares of their lengths. 
This is, of course, substantially true. In 17^+, Euler (2) made the 
now classic analysis of the behavior of a perfectly elastic, 
initially straight, centrally compressed column. Despite his great 
analytical achievement the practising engineers, unfortunately, 
still have to rely upon the experience and the empirical formulae 
obtained from tests on columns with practical boundary conditions. 
Hodgkinson (3) in 18^0 published the results of some excellent 
experimental work on columns. The purpose of the study was, in 
Hodgkinson!s own words, "to supply the deficiencies of Eulerfs theory 
of the strength of pillars, if it should appear capable of being 
rendered practically useful; and if not, to endeavor to adapt the 
experiments so as to lead to useful results." These experimental 
data were, however, at variance with the predictions of Euler and 
analysts thus raised questions about the validity of Euler1s theory. 
Ayrton and Perry (h) in 1886 were the first to recognize that 
the discrepancy between practice and analysis lies in the imperfection 
of the test system. They realized that the hyperbolic relation between 
load and buckling displacement, first promulgated by Young (5) in 1807, 
was the crucial issue. They recast this hyperbolic relation into a 
linear form by choosing the variables to be the reciprocals of the 
load and displacement. The slope of the resultant straight line is 
3 
proportional to the reciprocal of the Euler load. They demonstrated 
the validity of Euler's computations for long slender columns lay 
interpreting Hodgkinson's (3) test data on Dantzic oak and wrought iron 
struts. Ayrton and Perry were, however, not alone in their appreciation 
of the issues as their correspondance with Smith (6) clearly shows. 
Unfortunately, their most important contribution to the subject of 
column stability was ignored. 
Southwell (7) in 1932, independently rediscovered this elegant 
idea of transforming the hyperbolic relation between load and dis-
placement of a compressed strut to a linear form. However, he chose 
to plot the ratio of displacement to the load against the displacement. 
The Euler load is then obtained as the reciprocal of the slope of 
the resultant straight line. 
Southwell verified his concept by interpreting the well 
acclaimed von K£rm&nTs (8) test data on columns. After the publication 
of this work in the proceedings of the Royal Society, interest in the 
subject developed. Gough and Cox (9) in 1932 applied the method to the 
interpretation of test data on the stability of thin strips under 
shearing forces. In 193̂ - Bridget, Jerome and Vosseller (10) analyzed 
the data obtained from buckling tests on thin walled open sections. 
Fisher (ll) in 193^, investigated the subject more thoroughly 
and noted the effects of errors in measurement and made the important 
observation that the presence of lateral forces and eccentricity of 
loading could be considered as equivalent to geometric imperfections. 
It is interesting to note that while there was increasing attention 
k 
directed to the practical application of this hyperbolic relationship 
in a wider context than Southwell had formulated, scant attention was 
paid to the more general analysis which had "been published "by 
Westergaard (12) in 1922 and Fairthorne (13) in 193J4. 
Donnell (l̂ +) in 1938, in a classic paper on the application 
of Southwell's method for the analysis of buckling tests made some 
most important contributions. 
(1) He suggested a plot of the load against the ratio of load 
to displacement as an alternative manner of analyzing the data. Figure 
1, reproduced from reference (15), compares the Ayrton and Perry, 
Southwell and Donnell approaches. The advantage of Donnell's method 
seems to be in the direct determination of the instability load. 
(2) His studies indicated that Southwell's method could be 
applied to plates supported on three and four sides, cylinders under 
axial compression and to struts in the plastic range provided that 
the buckling did not introduce appreciable second order stresses. The 
second order stresses are the stresses which occur when a developable 
surface buckles into a nondevelopable one. 
(3) Harmonic analysis of deformations measured at a number of 
points could be used to obtain the appropriate critical loads. 
Harmonic analysis of the deformation data to ascertain the 
critical conditions was the most important idea promulgated by Donnell. 
He realized that such an analysis should be particularly useful in 
more complex cases where the exact form of buckling mode is not accurate 
ly known in advance. 
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6 = elastic deflection 
P = applied load 
P = Euler load 
c = constant 
6 is related, to a first approximation, to the load (p) which produces 
it and the Euler load (p ) by the expression 
6 = cP 
P 1 " P 
Three possible arrangements of this form are: 
Ayrton and Perry (l886) 
p 
formula l/6 = \ ^ - l] ̂  
variables l/6 and 1/T 
Southwell (1932) 
formula 6 | — - 11 = c 
variables 5/P and 6 
~- = P 
Donne11 (1938) 
P 
formula P - P = c -^ 
variables P and p/6 
F , 1 
1 
\ ^ Ax Ay 
P I Ax 
Ay 
^ S ^ J m. 1 
P l / -J 1/c 
P/6 
Figure 1. Linear Graphical Relationships for Columns. 
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The prime reason of discrepancy between the theoretical 
critical load and the actual critical load is due to the difficulty 
in the evaluation of realistic boundary conditions. Traditionally, 
experimentalists, in order to investigate the validity of various 
theories, devoted considerable attention to the construction of 
end fixity devices simulating the idealized boundary conditions. An 
excellent historical survey of the various boundary fixtures used by 
many researchers is given by Struble (l6). It is evident from the kind 
of skill needed to attain the ideal under test conditions, that the 
absolute ideal boundary conditions are impossible to achieve in a real 
structure. The importance of the deviation of boundary conditions 
from ideality is well summarized by Salmon (lT) in the conclusion of 
his work on columns. 
The most pressing point for future research on the subject of 
columns is undoubtedly the degree of imperfection common in 
practical fixed ends; in short, what value of K* should be 
assumed for such ends? A complete answer to this question is 
difficult, but at present the designer has no real data whatso-
ever regarding practical end conditions. 
With the progress of time analysts have become more concerned 
about the effect of real boundary conditions on the behavior of com-
pressed columns. Using current mathematical analysis, they have 
obtained the characteristic equations governing the instability of a 
strut with practical boundary conditions. However, these characteristic 
equations are at best transcendental and contain the eigenvalue and the 
boundary restraint parameters as implicit variables. These character-
istic equations are, of course, solvable by the use of various numerical 
* K; a factor when multiplied by Euler load gives actual critical load. 
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techniques. 
From the practical engineer's viewpoint there are two issues 
of concern. 
(1) What is the actual end fixity encountered in a given 
structure? 
(2) Can simple design formulae for practical columns be 
developed? 
The first issue has "been resolved, in part, "by the work of 
several researchers (l6, 18, 19, 20). References (l6, l8, 19) deal with 
nondestructive methods for determining actual critical load from a 
knowledge of the deformation produced by lateral loads. These research-
ers made no efforts to establish the individual end fixity. Their 
main concern was in the assessment of the gross effect on the instability 
load. On the other hand the study reported by Baruch (20) was aimed to 
determine the actual end conditions and from thence to determine the 
instability load level. In either case, however, substantial 
verification is lacking. The subject is discussed more extensively 
in Chapter II of this thesis. The data therein presented verifies the 
numerical results of the earlier work (l8). 
In Chapter V a simple method for dealing with the computational 
problem when end fixities are known is outlined. 
The issues of plate stability are closely associatable with 
those of columns. In many respects analogous difficulties are 
encountered. There is uncertainty with respect to the actual boundary 
conditions encountered in practice and very little work has been done, 
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as yet, on practical means of determining them. This is due, in part, 
to the fact that there is a lack of analytical results relative to the 
behavior of plates with various boundary conditions. It is true that 
for a circular plate "with uniform elastic rotational restraint along 
its boundary, the deflection under uniform lateral load and the 
critical load under uniform radial thrust can be readily expressed 
in terms of the restraint parameter. Thus for a given plate the 
actual boundary restraint is readily assessable from deflection 
information and the critical stress can be determined nondestructively, 
The appropriate expressions are, 
3 = 6 t o w V ^ (1 
(5 + v)qa - (l + v)6kDw 
( \ ^.2D , {JM + 36v)qa - ( l + 36v) 6tow -, /ox 
(O ) = — i a—r } \d.) 
ha (170 + 36v)qa - (26 + 36v)6UDw 
where 
w = deflection at the center of plate under lateral pressure 
q. = intensity of uniform lateral pressure 
a = radius of the plate 
D = bending rigidity of the plate 
v = Poisson's ratio 
3 = nondimensional restraining coefficient 
(a ) = critical radial stress 
r cr 
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The former expression is highly sensitive to small changes in the 
deflection parameter while the later is not. These expressions were 
obtained from the appropriate formulae derived in Chapter V. This 
emphasizes the value and necessity of the approximate formulae for 
the instability load of various structural elements. However, in 
general, the question is not so simply resolved. The analysis of 
a rectangular plate with unequal elastic restraint along its boundary 
still needs further study. The deflection function approach outlined 
in Chapter V should help in this regard. It is pertinent to note too 
that the rational function method of approximation for displacement 
functions effectively simplifies the problems of buckling and vibration 
of plates. 
Just as was the case with columns much difficulty has been 
experienced with the interpretation of the data acquired from stability 
tests on plates. Despite the early success of Gough and Cox (9) there 
was a marked reluctance on the part of test engineers to use the 
Southwell method of data analysis. This was, in part, due to a mis-
interpretation of Donnell's (l^) results. Many considered that 
Donnell's classic paper ruled out the hyperbolic relationship; this is 
not so. The equation which Donnell gives contains the Southwell 
relationship for plates with small imperfections and for which the 
deformations under load are small relative to the thickness. This 
question has been extensively reviewed by Horton, Cundari and Johnson 
(15). Moreover, not only is the Southwell expression given by Donnell's 
equation but it also shows that when the displacements are large, 
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compared with the imperfection magnitude, the relationship between 
load and displacement is parabolic. This parabolic law was derived 
and applied by Dunn (2l) and subsequently used by Farrar (22) for the 
analysis of plate data. Its application to the inelastic case has 
been made by Yoshiki and Fujita (23). 
Generally speaking, however, no matter what method of data 
interpretation is used, the agreement between the theoretical consider-
ations and the results obtained from carefully conducted tests are 
reasonably satisfactory for column and plate structures. This is by 
no means the case for shell structures especially when the destabilizing 
force is primarily compression and the shell is thin walled and 
unstiffened. 
The unstiffened circular cylindrical shell is one of the most 
common structural elements in general engineering use. For many years 
such structures have been made from metals and plywoods. Today, due 
to the development of fibers and a wide range of resins and bonding 
agents, such bodies can be filament wound. Generally speaking stability, 
in thin walled structures, rather than specific strength is the 
criterion for design. Thus, the buckling behavior of thin shell bodies, 
both homogeneous isotropic and heterogeneous aeolotropic is, like that 
of columns and plates, of vital concern to engineers. 
At first sight the problem appears relatively straightforward. 
The geometry of the structure is comparatively simple and the loading 
conditions not overly complex. Yet despite much concentrated efforts 
the situation is largely unresolved even for the isotropic homogeneous 
11 
material. Indeed, the behavior of cylindrical shells "under com-
pressive loading condition is one of the most challenging problems in 
the field of structural analysis. 
Historically, interest in the "behavior of cylindrical shells 
dates back to Fairbairn* (2k) "who in 1859 made an experimental study 
of the collapse of tubes under external pressure. Thirty years later 
Bryan (26) examined the same question theoretically. By the turn 
of the century the behavior of cylindrical shells under a wider range 
of loading conditions was becoming of interest. Lorenz (27) and 
Timoshenko (28) "were first to examine the behavior of a thin 
monocoque circular cylinder under axial compression on the assumption 
of an axisymmetric ring distortion sinusoidal along a generator line. 
In so doing they formulated the classical theory of buckling for 
homogeneous isotropic shells which predicts a critical compressive 
stress of 
. Et a = i • ££. (3) 
cr i — R /3(1 - v2) 
where 
t = thickness of shell 
R = radius of shell 
v = Poisson's ratio 
E = modulus of elasticity 
Fairbairn was a pioneer in the field of stability of column and plate 
members. See Timoshenko's book on History of Strength of Materials (25). 
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a = critical compressive stress 
cr ^ 
The validity of this formula for the case of general instability 
of thin circular cylindrical shell was established later by Lorenz 
(29), Timoshenko (30), Southwell (3l) and Flttgge (32). The well known 
experiments of Robertson (33, 3̂ -) in 1928-29 showed that the classical 
considerations did not lead to results consistent with reality. He 
concluded that thin wall cylindrical shells under uniform axial 
compression failed on test at values much below the classical value 
and their mode of failure was not axisymmetric. Moreover, the buckling 
tests were characterized by wide scatter in the results. These sad 
findings were repeated in the extensive experimental work of Wilson 
and Newmark (35), Lundquist (36) and Donnell (37) between 1933 and 
1931+. These studies showed that as the R/t ratio increases the dis-
crepancy between theory and practice grows. Critical load values as 
low as 15 percent of calculated value were recorded. This unsatis-
factory state of affairs is best summarized in the work of Harris, et al. 
(38), reproduced in Figure 2, who compared the test results of many 
investigators (39, 10, 1*0, 37, Ul, 38, k2, 1*3, 36, 33, 3l|, 35). The 
disparity between theory and the facts of experience caused many 
reconsiderations of the question of stability under uniform axial 
compression. Donnell (37), von K^rmah and Tsien {hk) and Yoshimura 
(I45) all made important proposals relative to the issues. The 
theoretical views embodied in the Ka'rman-Donne 11 approach dominate the 
field despite the fact that they cannot describe the behavior of 







'C| = 0 . 6 0 5 E t / R 
* 
$ 
V BALLERSTEDT & WAGNER (39) 
• BRIDGET ET AL (10) 
4> CLARK & HOLT (ko) 
O DONNELL (37) 
0 FIMG & SECHLER (kl) 
£ HARRIS ET AL (38) 
• KANEMITSU & NOJIMA (k-2.) 
k LO, CRATE & SCHWARTZ (k3) 
• LUNDQIJIST (36) 
A ROBERTSON (33,3*0 
* WILSON & NEWMARK (35) 
• * w 
• v 
* • 






2 0 0 0 3 0 0 0 
Figure 2. Comparison of Linear Buckling Theory with Test Data From 
Many Investigators for Circular Cylindrical Shells Under 
Axial Compression. 
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The possibility of boundary conditions having significant 
influence on the minimum load to produce instability has been considered 
by several authors (k6, kl, ^8). Recent analytical studies made by 
Mayers and Rehfield (1+9) have extended, in a way, the Karman- Donnell 
concept and by so doing they demonstrated its inability to describe 
the buckling situation for the homogeneous isotropic shell under 
uniform compression. In addition to the large discrepancies which 
exist between theoretical and experimental load values, the axisymmetric 
buckle mode is never achieved except by plastic buckling of thick 
walled shells (50). The buckles which occur in reality are of a diamond 
shape. Sometimes these buckles are located at the ends of the shell, 
sometimes in a ring around the center and in other cases they tend to 
form a spiral. However, until the work described in Chapter III was 
completed, their location was indeterminate prior to collapse. FlUgge 
(32) after careful study deduced that restraint to Poisson expansion 
of the shell caused by the testing machine and small initial deviation 
were sufficient degrading parameters to explain the departure from 
theory. Independently, Donnell (37) considered imperfections to 
geometric shape to be the main contributor. However, his theory could 
not account for such large differences. Karman and Tsien (MO, in 
their classic paper, ascribed test machine rigidity as the most 
important factor for imperfect bodies. This point of view had sub-
stantial following for many years. In the past few years, initial 
geometric imperfections have come to be accepted as the main 
degrading factor. Koiter (51) has shown this by assuming a very 
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special initial imperfection in the form of the axisymmetric "buckling 
mode of the perfect shell. He concluded that an imperfection 
amplitude of 0.5 of the shell wall thickness "would reduce the "buckling 
load to about 0.3 of the classical value. Budiansky and Hutchinson 
(5'2) have demonstrated that a long thin walled cylinder under axial 
compression is the most imperfection-sensitive shell structure. 
They concluded that even very small geometrical imperfections could 
imply buckling loads smaller than the classical ones "by amounts 
that are not entirely negligible. Recently, Arbocz and Babcock (53) 
investigated the effect of general imperfections. Their study showed 
that the correlation "between the theoretical "buckling loads obtained 
from nonlinear Donnell type shell equations and the experimental 
values was good for the case of "global" buckling. The difficulty of 
shell analysis in relation to design is well stated by Baker, et al. 
(5̂ )» "Development of more exact theoretical expressions does not 
necessarily assist in the solution of practical shell problems, since 
often the theoretical expressions can be solved only with great 
difficulty, and then only for special cases." In short, inspite of 
the voluminous (55, 56) work done in this field, the failure of the 
thin shells under axial compression remains to date the most frustrating 
yet, challenging problem. Unable to identify and account for several 
complex factors, namely, geometrical imperfections, load distribution 
and the realistic boundary conditions in the theoretical analysis one 
naturally turns to experiments for a nondestructive method of testing. 
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Development of Nondestructive Techniques of Shell Testing 
Experiments on shell "bodies have "been made for many years , as 
noted earlier. Nevertheless, until recently they were plagued with 
uncertainty especially in those cases for which the destabilizing 
load was primarily compression. Donnell (l^) indicated that the 
Southwell method for data reduction should probably be applicable to 
shells under axial compression. Fliigge (57) reported its successful 
application to unstiffened cylindrical shells under axial compression. 
Galletly, et al. (58) demonstrated that the Southwell plot appears 
generally to be pertinent and accurate for cylindrical shells subjected 
to external pressure loading. Their results showed a good correlation 
between the actual and predicted value of the critical load and the 
agreement was within 5 percent in all cases. The consistency of the 
values derived by the Southwell process for the external pressure 
case is further illustrated in the work of Galletly and Reynolds (59) 
and of Sturm (60). Bank (6l) demonstrated its application to ortho-
tropic shells under torsion. The first published Southwell plot for a 
cylinder under axial compression was obtained by Tenerelli and Horton 
(62). 
The difficulty as pointed out by Fliigge (57) lies in the 
determination of the relevant station at which to make observations. 
Moreover, it is clear from the data of Craig (63) that the points of 
maximum deformation move around the circumference as the load level 
increases. This type of motion of the wave was also observed by Gough 
and Cox (9) in their tests on thin strips and their Southwell plots 
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were obtained for crest readings. To some extent these problems can, 
however, he resolved by acquiring data not at an isolated point but 
at a series of stations located on a circumferential line. In some 
cases it has been found that when this is done good Southwell plots 
can be obtained at the various stations. These tend to several 
values of the critical load for the shell and in fact can be shown {6k), 
statistically, to constitute a family. Generally, however, the harmonic 
analysis must be used to interpret the data. Such analysis was first 
mentioned by Donnell (lU). Tuckerman (65) applied it to the problem 
of the strut and subsequently Craig (63) developed this scheme 
for an unstiffened cylinder in torsion. 
The researches mentioned in the previous paragraph indicated 
that a Southwell type approach such as that described in reference 
(63), or some modification thereto would be applicable to the question 
in hand. Ford (66), consequently, undertook a study on a family of 
shells under axial compression. Deflections of the shell wall as a 
function of load were determined at ^5 equally spaced stations at the 
equatorial plane of the cylinder. Ford then used harmonic analysis to 
determine the distortion amplitudes corresponding to the several 
harmonics. From this analysis Ford was able to determine the predominant 
harmonic and to construct appropriate Southwell plots. Table 1 
summarizes his results for all cases in which he ascertained both the 
Southwell critical load and the actual critical load. It is interest-
ing to note that the ratio of P /P„ ,, nn is nearly 0.9, thus pre-
exp Southwell 
dieting a higher value of critical load than the actual value of 
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msw P /P msw' exp 
0601 5290 5700 0.93 -̂700 0.89 
08li+ 8100 9060 0.89 -̂300 0-53 
0911 11900 1̂ -800 0.81 6000 0.50 
1000 3720 laoo 0.91 2000 0.5^ 
1002 ^130 -̂600 0.90 21+00 0.58 
1006 5160 5^30 0.95 2600 0.50 
P = Actual Buckling Load. exp 
psw = Critical Load Predicted From Southwell Plot. 
^msw = Maximum Load Level Used to Get Southwell Data 
critical load. Of equal significance is the fact that the analysis 
cannot reveal the weak locations nor is it in general simple to decide 
where the many displacement readings essential for the process should 
be taken. Also the load level which must be used is a high per-
centage (50 percent or more) of the critical value. This percentage, 
of course, would be expected to rise with the improved quality of 
the specimen as well as with the decreasing sensitivity to imper-
fection which results from greater stiffening. Moreover, the method i 
difficult, if not impossible, to apply to bodies other than right 
circular cylinders. However, the process has merit in the sense 
that it gives valuable nondestructive test data. It has great 
potential in parametric studies for which the basic test vehicle 
is repeatedly used in various stages of modification. Nevertheless, 
it is far from an ideal method. 
The restraining mandrel technique for nondestructive testing 
of shell bodies has been developed considerably in the last decade. 
The first known application of such a method was made by Sturm (60) in 
19̂ -1. Almroth, et al. (67) presented an interesting experimental 
study of the buckling of cylinders under axial compression at the 196^ 
spring meeting of the Society for Experimental Stress Analysis. They 
presented a technique of testing cylindrical shells using an interior 
mandrel to obtain repeatability of the buckling load. Horton and 
Durham (68), in an independent study, developed a very similar process 
They concluded that if a mandrel is placed at a distance equivalent 
to the shell skin thickness from the inside surface of the shell then 
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it is possible to elastically "buckle the shell. They demonstrated 
that the buckling load of the shell could "be repeated if a restraining 
mandrel is used and that the load progressively falls if the mandrel 
is removed. They discovered that "by placing a mandrel inside the 
shell, it was possible to buckle the shell elastically until the 
entire shell surface was completely filled with buckles. They showed 
that the relationship between the number of buckles and the load 
follows a typical population distribution curve. Moreover, they 
discovered that the most probable value of the buckling load for the 
perfect shell, as derived from this population curve, is in fact the 
critical load computed from the classic stability formula. Having 
established a sound nondestructive method, Horton and Bailey (69) 
conducted tests on a number of cylinders in different test machines. 
They discovered that the Ka'rm̂ n and Tsien (^) criterion that the test 
machine rigidity influences the buckling load has no foundation. 
The restraining mandrel technique for nondestructive testing of 
shell bodies is excellent for small, specimens. However, as the specimen 
size increases, this method becomes increasingly difficult to apply. 
This is clearly evident from Figure 3 which shows a specimen currently 
being tested in the School of Aerospace Engineering. The amount of 
time and expense involved in the manufacture of a mandrel for such a 
specimen would be excessive. 
The "strain reversal" method of predicting the buckling load 
has received the attention of a few researchers (70, 71, 72). A 
number of strain gages are placed on the shell wall. The buckling is 




then "assumed" to occur when the strain gages in the vicinity of the 
"buckles experience bending strains from "buckle growth of sufficient 
magnitude to reverse the rate of strain on one side of the wall. 
The corresponding load is then the "strain reversal" load. The 
disadvantages of this method are obvious. 
(1) A lack of knowledge of the position of buckle formation 
on the surface of the shell necessitates the use of a large number of 
strain gages. 
(2) The critical load is predicted at such a high level of 
the destabilizing load that failure of the specimen is inevitable. 
It is clear from the preceding remarks that small shells can be 
successfully nondestructively tested in virtually any loading 
environment. However, this is not so for large specimens. Admittedly, 
the Southwell plot technique enables viable predictions to be made in 
many cases for such bodies. Nevertheless, the level of destabilizing 
load required for the application of such a process is uncomfortably 
high. Moreover, the region of failure of the shell surface is not 
defined. There is, therefore, a pressing need to develop a method 
which will positively locate the region of failure prior to the event 
occurring and from which an accurate assessment of the critical load 
level can be made. 




INSTABILITY OF COLUMNS 
In the previous chapter the nondestructive methods of deter-
mination of the instability loads of structures have been discussed. 
It was therein stated that the oldest nondestructive method of ascertain-
ing stability load level for an imperfect column was by the use of the 
hyperbolic relation between the load and deflection of the column. 
Columns, of course, can frequently carry loads in excess of the 
normally defined stability load. In fact they have considerable post 
buckling strength. 
A pin ended column under axial compression has a load versus 

















F igure k. Load-Displacement P lo t for a Column, 
2k 
Initially, for an imperfect column, the load-displacement relationship 
is linear "but as the load increases a hyperbolic form develops. When 
the central deflection "becomes large this hyperbolic curve fades away 
and the displacement "begins to approach the elastica. This 
curve for end slope angles "between 5° and 25° is very nearly 
parabolic. 
It is these two behavior patterns, namely, hyperbolic and 
parabolic portion of the curve that enable the nondestructive 
evaluation of the critical load. The hyperbolic portion of the 
curve, whose precise shape and location depends upon the degree of 
imperfection, is always a rectangular hyperbola and its asymptotes 
are the load axis and the Euler load line. Thus the determination 
of the critical load, which in essence is the definition of the 
horizontal asymptote, is in no way influenced by the degree of imper-
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fection. Likewise the large deflection analysis, the so called P-S 
plot, yields an intercept value as a critical load which is uninfluenced 
by the initial imperfection. Boundary condition variations plays an 
important role as they determine the vertical location of the asymptote. 
A similar situation is true for plates. Donnell (lU) in his 
paper on the Southwell method gives the following equation between load, 
displacement and initial imperfection for flat panels. 
P = ^ T Pc { -1 + 3 ( 1 2 V } (¥ + 2 ¥ i ) ( W + V } (U) 
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where 
t = thickness of plate 
v = Poisson's ratio 
W. = amplitude of the initial imperfection 
W = amplitude of the deformation 
P = classic critical load 
c 
It is readily seen that only so long as the second term inside 
the "brackets is small can the Southwell method give good results. It is 
also clear from this equation that when the deflections as compared 
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to the Initial imperfections are large, a P-6 arrangement is found. 
Just as was the case with columns, plates have appreciable 
post "buckling strength. There is no definable load arising from 
stability analysis which will cause collapse or one might say that there 
is no critical load. However, the columns and the panels experience a 
softening and hardening, a change of phase when small changes in the 
load causes large deformation changes, they then have a critical load 
in the classic sense. It is this value of the load which both the 
2 
Southwell and the P-6 approaches give. 
The Southwell relationship is derived from the consideration of 
an imperfect column. However, this imperfection need not be merely a 
bent centerline, as considered by Southwell in his analysis. The 
imperfection can be caused by a side force. This leads to a slightly 
different interpretation of the Southwell approach that the lateral 
stiffness of an axially compressed column or plate tends to zero 
as the axial load tends to the critical value. 
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The idea that the normal stiffness tends to zero as the 
compressive load tends to the critical value has been emphasized for 
the stability of frameworks by Gregory (73) • In order to fix the 
thoughts, we examine the behavior of a beam column. Consider a 
uniform column with pinned ends subjected to axial compression fP' 
and a concentrated normal load f N f . The deflection 'w' at the 
midspan is 
NL A NL /_, 
w = 7 7 ^ - tan- - - -rr- (5 J 2XP~ ^  ^
2 2 
where X = PL /EI. This simplifies to the following convenient form 
by the use of rational function approximations, 
ML3 r 1 i ic\ 
W ~ kMl [1 - P/QJ (6) 
2 2 
where E and I have t h e normal s i g n i f i c a n c e and Q = ir EI/L i s t he 
Euler load . 
The lateral or normal stiffness, henceforth termed stiffness, 
defined as the ratio of the side load to the deflection produced by the 
side load can then be written as 
Stiffness = ̂  = ̂ |T- [1 - (P/Q)] (7) 
L3 
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i. e., the stiffness varies linearly with the compressive force and 
tends to zero when the axial load reaches the critical value. Equation 
(7) is, of course, really only another way of stating the Southwell 
relationship. It can be derived directly from this by taking the 
imperfection to be the displacement caused by a concentrated load 'N' 
applied at the midspan. 
Engineers, in dealing with problems of stability for both 
column and plate structures are concerned with the behavior of real 
systems. The buckling of a realistically restrained element rather than 
the knowledge of the buckling of a pinned or clamped element is, there-
fore, of more vital concern to them. It is true that the Southwell 
plot could be used for this purpose but high load levels would be needed 
to generate the pertinent data. 
More recently other methods have been proposed. The first of 
these was developed by Horton, Craig and Struble (l8). They pointed out 
that the instability load for a column could be associated with the 
displacement produced by a unit concentrated lateral load applied at 
the point of maximum compliance. They concluded that under these 
circumstances the product of the critical load (P ) and the displacement 
(6) defined above is substantially constant. 
P • 6 = ^ (8) 
cr ho 
where L is the length of the column. 
In a subsequent study Iwamoto (19) showed that the behavior of 
a beam under uniformly distributed lateral load could also be used as a 
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means of determining the c r i t i c a l load level for the column. For a 
column with e las t i c ro ta t iona l r e s t r a in t at i t s ends the appropriate 
expression is 
= TT ( 9 ) 
(L + I) 
where I is the distance apart of the two inflection points and EI 
is the bending rigidity of the beam. 
The results of Horton, et al. (l8) and Iwamoto were essentially 
derived from detailed numerical calculations. However, Bank (7*0 
using the results generated in Chapter V demonstrated that the formulae 
of Horton, et al. and Iwamoto could be directly verified. Nevertheless, 
to this time no practical verification has been given nor has any clear 
meaning of the results been promulgated. 
Baruch (20) starting from the concepts of Horton, et al. went 
on to outline an "exact" method of determining the end fixities from 
the lateral displacements and rotations measured at the ends of the 
beam. He then used these in the characteristic equation governing the 
instability of a column to ascertain the critical load. There is some 
difficulty in Baruch's approach. It arises from the fact that the 
deflections and rotations at all points on a realistic body are 
rational functions in terms of the end restraint parameters. 
These restraint parameters can vary in value from zero to infinity while 
the displacements and rotations remain finite*. Consequently, the 
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displacements and rotations are not highly sensitive to small changes 
in the stiffness parameters. The reverse is of course not true. This 
is clearly evident from Table 2 (reference (75)) where the sensitivity 
of these restraint parameters to 5 percent changes in the values of 
deflections and rotations are shown. 
The direct relationship "between the displacement due to a normal 
load applied at the point of maximum compliance and the instability 
load, as proposed by Horton, et al. (l8), is easier to apply and 
probably as instructive. 
The P-<5 relationship (equation (8)) can be looked at from 
another viewpoint. It is merely an expression of the fact that the 
straight lines which represent the decrease in lateral stiffness with 
increase in compressive load are parallel or nearly so. This, of 
course, gives rise to an elegant method of verification of the P-6 
law. 
An experimental study based upon this observation was made on 
an aluminum column of 1/2" x 3A" x 27.25" dimensions. The test 
set up is shown in Figure 5. The rotational end fixities of the column 
were varied by shifting the position of the support screw in the 
elastic spring. The central deflection of the column was measured by 
using a Hewlett-Packard 2HDCDT250 linear variable-differential 
transformer (described in Chapter III). The lateral load for the 
stiffness measurement was applied through a pulley arrangement. The 
magnitude of the applied lateral load was 2003.6 grams. 
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Table 2. Sensitivity of Baruch's Method for the 
Determination of the End Fixity Parameters. 
tot-
Where o> and (3 are the nondimensionalized 
parameters associated "with lateral and rotational 
elastic restraints, respectively. 
Exact Values New Va lues 
Q!n Oir C^ cr 
3 1 J 1 2 
5 5 2 9 
5 6 k 5 
10 10 2 5 
10 10 6 7 
20 20 3 9 
CO 00 0 1 
co CO 0 2 
co CO 0 5 
CO CO 1 K y 
CO CO 1 10 
CO CO 2 5 
CO CO 5 5 
1+.3 1 • 9 2.8 -1.2 
6.1+ 3 .8 3.7 3-9 
6.1+ 1+ .7 6.5 2.8 
11.5 8 .7 2.6 3.9 
11.6 8 .6 7.3 5.1+ 
21.9 18 .1+ 3.2 8.6 
00 00 -0.27 1.1+ 
00 CO -0.26 2.5 
CO CO -0.21+ 5.7 
00 CO 0.7 5.6 
CO CO 0.72 11.0 
CO CO 1.65 5.6 
CO CO k.kQ 5.58 
* Values obtained when, 
1) Deflection at left end is measured 5% too low. 
2) Deflection at right end is measured 5% too high. 
3) Slope at left end is measured 5% too high. 
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Figure 5» Diagramatic Representation of Column Test Set Up. 
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The stiffness-axial load plots for the four different 
conditions of the edge restraints are shown in Figure 6. The computed 
value of P «5 (from equation (8)) is 
Pcr • (f) = * l ^ - ^ = 5.603 (10) 
and from Figure 6 we get 
\ r - ^ = ^ - ^°8 (ID 
The agreement "between the theoretical and computed values of the 
constant in P-<5 law is within 3.5 percent. 
The stiffness method, so clearly a consequence of the Southwell 
relationship would be equally pertinent to the plate structures. 
Its application to the shell "bodies is investigated in the following 
chapter. 
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NONDESTRUCTIVE TESTING OF THIN CYLINDRICAL SHELLS 
The "behavior of cylindrical shells, "both stiffened and un-
stiffened, under axial compression differs appreciably from that of 
columns and plates. Such bodies show a marked reduction in load 
carrying capability in the post buckling region. 
For a perfect plate or a column, the load-deflection 
curve is concave upwards and symmetric about the load axis since 
motion in either of the two directions is admissible. This is, 
however, not true for a shell body. Consider the characteristic 
"load-deflection" diagram shown in Figure 7. 
2. G 
Di replacement 
F i g u r e 7 . C h a r a c t e r i s t i c L o a d - D e f l e c t i o n Diagrams f o r a 
P e r f e c t and an I m p e r f e c t S h e l l . 
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It can readily "be shown that the general tendency of the shell is to 
buckle inwards; towards the center of curvature. In Figure 7 the 
deflection towards the center of curvature against the axial com-
pression is plotted. Asymmetry of the diagram of equilibrium states is 
due to the fact that branch ABF of the diagram lies below the point 
of bifurcation A. On section AB of the curve OABD for a perfect shell, 
the equilibrium forms are unstable and on section BF they are stable. 
Section FD corresponds to stable states. The upper critical load is 
defined as the greatest load below which initial equilibrium state is 
stable in the small. In Figure 7 the upper critical load for a 
perfect shell refers to the load at bifurcation point A. The lower 
critical load is the load below which the initial state is the only 
stable state, thus there is stability in the small as well as in the 
large. If an ideal shell is loaded by a static load (soft machine) in 
such a way that the state of strain is strictly momentless, then the 
load applied to shell increase to A, the upper critical load, then the 
shell will experience a jump from equilibrium position A to F, after 
which the load starts increasing along the branch FD. The reverse 
process consists of drop of the load along DB, then a jump of the shell 
along line BG and then to the starting point of loading along GO. The 
behavior of a real shell (imperfect shell) as explained by the curve 
OA'B'D1 is similar to that of a perfect shell, except that, due to the 
bending occurring the branch of the equilibrium states with growing 
load no longer coincide with the axis. The upper and lower critical 
loads, in a similar way, are defined by A' and Bf respectively. It 
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is thus clearly seen that the highest critical load for an imperfect 
shell is lower than the classic value. Thus the buckling load value 
derived from a Southwell plot must always be lower than the theoretical 
ideal. This is in contrast to the case of an imperfect column where, 
as stated in the previous chapter, the hyperbolic relation between 
load and deflection (from whence Southwell plot is obtained) always 
asymptotes to the classical instability load level. However, for 
shell bodies under loadings other than compression, the disagreement 
between the Southwell load and the theoretical load is frequently 
smaller. The introductory chapter of this dissertation contains a 
discussion on the question and gives a number of supporting references. 
Donnell (l̂ -) in his classic paper of 1938 discusses the issue 
at some length and our attention is now directed to his findings. An 
approximate solution for the case of cylinders under axial compression, 
which considers initial deviations from a cylindrical shape, was given 
"by Donnell (37) in 193^. He assumed, and this assumption is well 
born out by experience, that the lengths of half waves in the 
longitudinal and circumferential directions are the same. From this 
assumption he arrived at the following expression for radial displace-
ment , 
2 
w = W sin ̂  sin ~ + W(W+2W. ) ^ | cos - ^ (12) 
L L i 8L2 L 
and the i n i t i a l derivation from a cylindrical, form was taken to be 
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v = (Ji)w (X3) 
He then arrived at the following expression for the compressive load 
r p r . 
V 
1 + £-* (W + 2W.)(W + W.) 
W p ^ 
(HO 
W.+ W ' L TT R2 (W+ 2W.)2(2W + W.) 
l ' 1 + r- l l 
8L (W + W.) 
where P is the classic instability load. 
The expression in the "brackets, given above, is really an 
attenuation factor on P and is, clearly, always less than unity 
for positive values of W and W.. Also this expression can he demon-
strated to "be a function of the initial imperfection and the weighting 
factor W.. Practical experience demonstrates that for shells in 
compression good Southwell plots can he attained. This is possible 
if the observation point is chosen with great care or if the total 
deformation pattern around the circumference is harmonically analyzed. 
The results so obtained appear to indicate that the value of critical 
load so derived is very nearly the actual buckling load. However, 
this "gross" treatment method can give good answers only after con-
siderable expenditure of time and effort in computation. It requires, 
moreover, the amassing of considerable amount of data at relatively 
high load levels. The direct approach, the determination of the 
Southwell load for the specific critical region is even more difficult 
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The measurement point for such an approach is, with current 
techniques, virtually indeterminate. It is this state of affairs which 
directs one's attention to the wall stiffness approach which, as we 
have indicated "before, is directly associatable with the Southwell 
approach. The virtues of this wall stiffness technique, as subsequent 
experiments clearly indicate, are 
(1) Observations are taken at the point of the application 
of normal force. 
(2) Very low load levels are necessary to achieve success. 
The study starts from the single test observations of Bank 
(7*0. He has demonstrated the effectiveness of this approach for one 
particular longitudinally stiffened shell. He has shown that the wall 
of a stringer reinforced shell underwent a progressive loss of stiffness 
as the axial compression was increased. His study also indicated that 
the variation in lateral stiffness with increasing axial compression 
was apparently nonlinear for some region of smaller axial load but 
there was a usable region of linear variation of stiffness for com-
pressive loads considerably lower than the critical load. He was 
able to predict the actual buckling load of the shell as the zero 
stiffness intercept obtained by extending the linear portion of the 
stiffness versus axial load plot. However, the study did not clearly 
indicate the restrictions that must be placed on the magnitude 
of the side force used, nor did it indicate how the region of 
instability should be determined. Moreover, it is not possible from a 
single test to determine the generality of the method. 
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The analysis of Donnell (1*0, as pointed out earlier, is 
dependent upon the initial imperfection "being of the same form as the 
final "buckle pattern. To a large degree this is frequently the case 
as Ford's (66) study shows. But it is crucial to recognize that in 
some circumstances a point load normal to the shell wall will not 
produce a deformation which is consistent with the buckle deformation. 
For unstiffened shells, "both circular and elliptic, there is a reason-
able correspondence. For longitudinally and circumferentially stiffened 
shells of a classic pattern the situation is similar. However, for 
spirally stiffened shells this is not so. This will not be true for 
shells with internal or external pressure in addition to axial com-
pression, particularly if the pressure level is reasonably high. This is 
evident from the work of Horton and Durham (T6). They conclude that as 
the pressure (p) goes from negative to positive the "buckle changes from 
a vertical fold to a ring type shape, passing through a rhomboidal 
shape at p = 0. 
The studies reported in this chapter deal with these issues. 
They bring clarity to the magnitude of the lateral force needed to 
determine the wall stiffness and indicate the influence of the 
curvature and the applicability of the method to noncircular shells. 
Also the method demonstrates that the region of high probability of 
instability can readily be ascertained under zero or low load level 
conditions, and it verifies that the critical condition predicted 
on the basis of linear extrapolation of the load-stiffness curves 
generated for low values of axial compression agrees extremely well 
UO 
with the actual failure load. 
Experimental Program 
To clarify the issues discussed in the previous section it was 
essential to conduct tests on a variety of cylinders. Because of 
the expense which would have "been involved if realistic large scale 
shells had "been used, the program was centered around model 
shells. This is a well established procedure and the deductions 
therefrom are known to be consistent with reality. A detailed treatment 
of this topic is given by Horton, Singhal and Haack (77)-
Six cylinder types were chosen for this investigation. These 
cylindrical shell models were unstiffened circular, longitudinally 
stiffened circular, longitudinally and circumferentially stiffened 
circular, unstiffened elliptic, unstiffened elliptic with a rectangular 
cutout and spirally (symmetrical) stiffened circular. Details of 
the choice of material and fabrication of models, the instrumentation 
used and tests procedure followed are described in subsequent sections. 
Design and Construction of Specimens 
Choice of Material 
It is expensive and time consuming process to build thin walled 
metallic shells. Their modification while they are rigged for the test 
is almost impossible and hence parametric studies cannot be efficiently 
carried out with them. Plastics have, therefore, been used by many 
investigators (see reference (77)) in "the past. 
Plexiglas (Methyl Methacrylate) was chosen for the fabrication 
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of the models used in this program. The reasons to choose plexiglas 
over the other plastics were as follows: 
(1) It behaves in a linear elastic fashion "below its yield 
point (6000 psi). 
(2) Excellent quality thin sheet and bar stock is available 
at reasonable cost. 
(3) The material is easily glued, machined and hot formed. 
Tests made at Georgia Institute of Technology (66) show that the 
modulus of elasticity value of plexiglas acquired from a single supplier 
lie between k.kj x lCr and ^.5^ x 10 psi. 
Plexiglas is, however, not the perfect material. The material 
properties are influenced by temperature, relative humidity and strain 
rate (77)• In contrast to metallic materials plexiglas is creep 
sensitive. Nevertheless, in our particular application these 
disadvantages in no way outweighed the advantages. The reasons will 
become clear when we discuss the test procedures used. 
Method of Construction 
Models used in this study were basically of two categories, 
right circular cylinders and right elliptic cylinders. The stiffening 
used was both of conventional nature viz, longitudinal stringers and 
circumferential rings and of unconventional nature, namely, the waffle 
or spiral stiffening. The stringers were internal and the rings were 
external. All shells were l6.5 inches long and had skin of 0.030 inch 
thick plexiglas sheet. The sheet was made to size by a scratch and 
fold process. 
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In the case of conventional, stringer stiffening, the sheet 
"was then placed in a holding fixture and the appropriate stringers 
were then attached to it "by using B-l solvent supplied by the plexiglas 
manufacturer. This process of gluing was easily carried out. The two 
pieces of plexiglas to be joined were placed in close contact under 
slight pressure and the common edge wetted with the liquid glue 
(solvent) using a hypodermic syringe. The transparency of the material 
aided in this process because the degree of penetration into the 
joint was thereby easily monitored. Care was exercised to ensure 
complete penetration during the process because subsequent filling 
was almost impossible. After the stringers were attached to the 
sheet, the two ends of the sheet were butt jointed together and a 
3/k inch wide reinforcement of the same thickness as the skin was 
glued overlapping the joint. 
In the case of the unstiffened shell and the spiral stiffened 
shell, a similar "loop" of the skin sheet was made as was done for 
the conventionally stiffened shell described in the preceding 
paragraph. At this stage the "loop" of the skin was formed into a 
right circular or elliptic cylinder by adding 0.030 inch thick and 3A 
inch wide doubler plates and l/k inch by 1/k inch hot formed rings 
externally at the shell extremities. The fabrication of hot formed 
sections is described in detail by Haack (78). 
The waffle stiffeners, in the case of symmetrical spiral 
stiffened shell, were then placed, internally} at 30 degrees to the 
generator. The stiffeners were 0.060 inch deep and l/U inch wide. 
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They consisted of tvo layers of 0.030" x l/V strips of plexiglas. 
First, a bottom layer consisting of the continuous strips described 
above was laid in one direction. The top layer of the symmetrical 
stiffener in the other direction was then laid overlapping this bottom 
layer. The remaining two layers in each direction then consisted of 
small appropriate discontinuious strips. They were carefully cut to the 
size and laid so as to make the necessary 0.060 inch deep and 1/k inch 
wide symmetrical waffle stiffening. The spacing between these 
stiffeners was adjusted such that the perpenidcular distance between 
their center lines was one inch. 
The internal doubler plates and hot formed rings, similar to the 
external doubler plates and rings, were then attached at the shell 
extremities. The proper circumferential stiffening (for convention-
ally stiffened shell) could then have been carried out. However, 
due to the simplicity of the process this operation was performed with 
the specimen rigged for testing. A typical plexiglas shell construction 
(Specimen 2) is shown in Figure 8. 
Design and Construction of Stiffness Probe 
The tool used in the determination of the stiffness of the shell 
wall was a special pushing force-deflection measuring device; hereafter 
called "stiffness probe". A schematic diagram of this apparatus is 
shown in Figure 9 while a picture of this device is given in Figure 10. 
It consists of a case hardened steel rod sliding horizontally in two 
Thompson ball bushings. The pushing end of the steel rod was hemispher-
ical and was 1/8 inch in diameter. An aluminum bracket supported a 
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Figure 8. Typical Plexiglas Shell Construction (Specimen 2) 
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system of pulleys througli which a nylon thread transmitted to the 
pushing rod the force caused "by placing a known weight in the scale 
pan. A linear variable-differential transformer was clamped to the 
bracket and its core rigidly connected to the pushing rod through a 
1/h inch thick aluminum strip. The bracket in turn was clamped to 
a vertical slotted H-section mounted on a one inch thick steel base. 
To prevent rigid body motion, if any, caused when a weight is added 
in the scale pan the base of the stiffness probe was clamped down to 
the testing machine bed. This design of stiffness probe enabled 
the measurement of the deflection caused by the known side force 
without the displacement transducer coming in direct contact with the 
point probed. The high quality bearings and the excellent surface 
finish on the pushing rod reduced friction to a minimum. In fact a 
weight of five grams in the scale pan was sufficient to slide the 
pushing rod in the bushing. This sliding friction force was, in part, 
compensated by the stiffness of the LVDT spring (one gram per 0.010 
inch of displacement). However, in our plot of stiffness versus 
axial compression these "constant" but unknown forces will not change 
the zero stiffness intercept on the axial load axis. They will merely 
alter the slope of this plot. 
Instrumentation 
Under axial compression alone the shell wall deflections were 
a few thousandths of an inch. The normal force used to determine the 
stiffness caused an increase of tens of thousandths of an inch. The 
accurate measurement of this variation in displacement, thus, demanded 
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a high resolution large range displacement transducer. The Hewlett-
Packard TDCDT100 linear variable-differential transformer (LVDT) met 
the above requirements and "was readily available in the laboratory. 
The linear measurement range of this LVDT as prescribed by the manu-
facturer was +_ 0.100 inch and the error in linearity claimed to be 
less than 1/2 percent. However, it was found that this accuracy in 
linearity was lost when the measurements were made in the neighborhood 
of electrical zero. Nevertheless, the linearity was good when the 
measurements were made away from the electrical center. The stiffness 
probe position with respect to the shell wall was, therefore, adjusted 
in such a way that all motions of the pushing rod caused the LVDT 
magnetic core to travel only on one side of the electrical zero. For 
the circularity check and end shortening measurements (required for 
centering the axial load) the Hewlett-Packard 2toCDT250 displacement 
transducers were used. These LVDT's had a linear measurement range 
of +_ 0.250 inch. 
Hickson self-adhesive gages were used to check the uniformity 
of the load distribution accomplished on the basis of uniform end 
shortening sensed by three LVDTs. These gages are reusable since they 
utilize, the natural cohesive properties of plate cured Poly-Vinyl-
Gloride material from which the gage body is manufactured. The sensing 
element is made of a very thin gold strip formed by vacuum deposition. 
They are easily stuck to the shell surface by rolling action and peeled 
off after lifting a corner of the gage with a knife edge. For a 
good adhesion the only requirement is that the gage and specimen surface 
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"be cleaned with a dilute detergent solution. These gages have a nominal 
resistance of 120 ohms and their limiting current carrying capacity 
is 10 ma. They can "be calibrated individually. However, they are 
highly temperature sensitive and hence require a close temperature 
and air draft control. 
The axial load was sensed "by a strain gage load cell of the 
Baldwin test machine and read on the indicator dial. Provision for an 
electrical output proportional to the load was available through a 
voltage divider network driven by the indicator system of the machine. 
All the instrumentation used in this program are standard in a 
structures research laboratory. 
Data Acquisition System 
The large amount of data acquisition and reduction became 
possible due to an on line Hewlett-Packard 2115 digital computer. The 
computer was interfaced with a 200 channel crossbar scanner, a digital 
integrating voltmeter, a digital magnetic tape recording unit, a l6 
channel digital to analog and analog to digital converter, a photo-
reader, a high speed paper tape punch unit and a teletype unit. With 
the exception of digital to analog and analog to digital converter all 
other units were used in this experimental study. 
The computer had a 8000 word memory and BASIC language was used 
to acquire and analyze', the data. BASIC language was chosen for the 
reason that it allows the modification of the operating program through 
a simple teletype input. The data acquisition and reduction consisted 
of reading the output from the stiffness probe, the end shortening LVDTs 
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and the test machine load, scaling and displaying them on the teletype 
unit as desired. An operating program in BASIC language and the flow 
diagram of the data acquisition system is given in Appendix A. 
Magnitude of the Side Force 
For columns, compressive forces are destabilizing "but lateral 
loads are not. Under combined loading conditions the deflection due to 
the side force is amplified in the stable region by the compressive 
load present. The net deflection is, in fact, obtained as the product of 
the displacement due to side force alone and a factor dependent upon the 
ratio of the compressive load and the instability load. The basic 
deflection term is, therefore, linearly dependent upon the lateral 
load and hence, the measured lateral stiffness is independent of the 
magnitude of the lateral force, in linear theory range. 
Shell bodies, on the other hand, are unstable both under axial 
compression and normal force. Consequently, under combined loading 
the instability load level depends upon both loading actions. The 
lateral stiffness, hence, is a function of the side force applied and 
decreases with the increase in the side force. 
In conducting the tests on the various shells we limited the 
normal force employed for the stiffness determination purposes to that 
magnitude which, at zero axial compression, deflected the weakest 
region between 1 A and 1/3 the effective wall thickness. The validity 
of this restriction was substantiated by conducting tests with different 
levels of side force. These tests were made on all specimens. It was 
ascertained that the plots of stiffness versus axial force for all 
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values of side force, which did not produce a net deflection in 
excess of 1/2 the effective wall thickness at the maximum value of the 
compressive force, indicated the same critical load. 
Size of the Gridwork and Station Identification Code 
All shells were marked with one inch orthogonal gridwork con-
sisting of vertical longitudinal lines and circumferential latitudinal 
lines. The longitudes were numbered in the counterclockwise direction 
(looking from top end of the shell) starting with the one next to 
the seam of the shell. The latitudes were numbered according to their 
distance from the equator, e. g., the latitudinal line one inch above 
the equatorial line as +1 while that one inch below the equatorial 
line as -1. The code which identifies a particular station consists 
of three digits. The first digit with the appropriate sign denotes 
the latitude and the last two digits the longitude of the station. 
Test Procedures 
The tests were carried out in a laboratory in which the 
temperature and humidity did not vary significantly. A Baldwin 
120,000 lb. screwjack universal test machine was used and this was 
operated at a fixed strain rate. Thus, the basic disadvantages of 
plexiglas as pointed out in earlier discussion were minimized. 
To begin with the ends of the completed circular shell were 
"potted" in epoxy in aluminum rings. These rings were machined on a 
lathe from one inch thick aluminum plate. Their inner and outer radii 
were four and seven inches, respectively. A one inch wide and 1/U inch 
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deep groove (with the six inches radius line as the center line) was 
turned for the seat of the shell ends. The elliptic shell was potted 
on two 18" x 18"x l" precision ground flat steel plates. 
A circularity and stiffness scan of the circular shells over 
the mid 2/3 rd length was then made. The shell to he probed was 
mounted on a turntable and a LVDT and the stiffness probe were used 
for the relevant data acquisition. Having established the "weak 
regions" of the shell body the specimen was then placed in the Baldwin 
universal testing machine. An annotated picture of Figure 11 
illustrates the test set up. To prevent the various pieces of test 
fixture from falling in case of catastrophic failure of the shell 
body, a pair of safety cables were attached between the upper ring or 
plate and the test machine crosshead. The three end shortening LVDTs 
mounted on the magnetic base stands were positioned 120 degrees apart 
in such a fashion that each picked up the vertical motion of the 
outside upper end frame of the shell. The position of the spherical 
bearing on the two inch thick steel disc was thereafter adjusted until the 
end shortening under axial load was identical at the three measurement 
locations. Hickson strain gages were then used to determine the 
circumferential distribution of the axial strain. This distribution 
was found to be uniform within 15 percent. The uniformity of axial 
strain and the uniformity of axial load distribution are clearly 
synonymous at low load levels. The uniformity of the applied axial 
compression is necessary to ensure that failure occurs at the weakest 
region as determined by the stiffness profile. Care was taken not to 
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Figure 11. Elliptic Shell Rigged Up for Test. 
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change this set up during the whole test sequence. The variation in 
stiffness with increasing axial compression was then determined in the 
anticipated first unstable region. When this region had been thoroughly 
"mapped" the shell was loaded to instability. In this way the actual 
unstable region was located and the value of critical load established. 
Summaries of the tests made on each of the six specimens 
are given in the subsequent sections. 
Summary of Tests on Specimen 1 
(Unstiffened Circular Cylindrical Shell) 
An unstiffened circular cylindrical shell of 11.̂ +5 inches 
diameter and l6.5 inches length was constructed from a single 0.030 
inch plexiglas sheet according to the method described earlier. It was 
thoroughly checked for circularity over the mid 2/3 3rd of its length. 
The variation in nominal diameter was less than fifty thousandths 
of an inch, i. e., the error in circularity was less than 0.5 percent 
of the base diameter. The quality of the specimen was excellent. 
The static stiffness values, under zero axial compression, 
determined at the middle 13 latitudinal planes are listed in Table 3. 
The side force used to determine this stiffness profile was 200 grams. 
The region of minimum stiffness is clearly evident. A detailed study 
of the variation in stiffness of several points in this region with 
increasing axial compressive force was made. The plots of stiffness 
versus axial load are given in Figure 12. The disagreement between 
the stiffness values determined on the turntable and in the test 
machine is probably due to the slight motion of the turntable bearing. 
Table 3 . S t i f fnes s P r o f i l e of Unst i f fened C i r c u l a r S h e l l Under Zero Axia l Compression. 
G e n e r a t o r 
Normal S t i f f n e s s ( l b / i n c h ) 
D i s t a n c e of the Measurement P lane From t h e E q u a t o r i a l P l ane of t h e S h e l l 
6" 5" 1+" 3 " 2" 1" 0" - 1 " - 2 " - 3 " - 4 " - 5 " - 6 " 
1 S3 .3 6 7 . 8 6 5 . 6 58 .6 52 .5 5 3 . 8 1+1+.1 1+3.1+ 1+8.0 5 3 . 1 5 4 . 7 6 3 . 7 6 4 . 5 
2 72 .0 52 .8 6 3 . 1 50.1+ 1+2.1 1+5.7 1+1+.8 I+O.7 1+7.3 47 .9 5 1 . 9 53 .4 67.O 
3 65 -4 52.6 56.0 48 .0 1+1.0 1+5.1+ 1+3.6 39.6 1+6.3 1+9.7 5 2 . 1 5 2 . 0 6 6 . 4 
k 7 1 . 0 53 .8 56 .0 1+3.1 1+1.7 45 .5 1+2.6 36.5 1+8.7 45 .7 4 7 . 1 5 0 . 0 6 2 . 1 
5 e?. .u 1+6.5 1+8.1+ 1+0.6 39-8 1+5.5 1+2.6 1+0.8 1+7.2 1+5.1 4 6 . 2 4 8 . 7 6 1 . 8 
6 6 9 . 9 i .c.8 47 .7 1+1.6 38 .2 1+0.7 1+0.6 37.7 1+1.8 42 .5 4 5 . 4 4 7 . 5 6 1 . 6 
7 7;+ .2 1+9.2 1+5.5 1+0.6 37 .6 39-8 3 7 . 8 37.8 1+0.8 4o .3 4 5 . 6 4 6 . 5 5 7 . 3 
8 6 5 . 0 48 .8 1+9.7 1+1.6 37-9 1+0.6 37 .5 38.3 38 .5 4 i . 8 4 3 . 1 4 6 . 2 5 9 . 5 
9 7'+. 9 1+7.1 1+3.8 1+0.7 37 .7 46 .2 35 .7 37.5 3 9 . 1 4o.o 41 .2 4 5 . 8 6 6 . 7 
10 6 7 . 0 51 .3 3 3 . 8 1+1.0 36 .8 1+5-0 3 9 . 1 37-6 1+0.1+ 1+3.3 4 1 . 8 4 6 . 8 6 3 . 3 
11 C~\l 1+7.6 1+1+.2 36.2 3 7 . 8 1+3.2 1+1.6 I+0.3 1+3.6 48 .2 4 4 . 9 1+9.6 5 4 . 4 
12 6 9 . 4 1+9.7 1+9.0 1+7.8 1+0. H 1+6.2 1+3.2 1+2.3 1+2.5 48 .2 4 8 . 0 53 .2 6 1 . 8 
13 78 .7 52 .5 1+7.1+ 1+5.0 4 3 . 1 1+7.1+ 1+6.1 1+5.3 1+3.0 4 2 . 8 4 8 . 3 5 2 . 1 6 1 . 2 
14 7 7 . 5 5U .8 51+.6 1+1+.8 1+3.9 5 1 . 8 1+7.1 1+1.7 1+7.8 47 .7 5 1 . 3 5 2 . 3 6 3 . 9 
15 6 6 . 8 6 1 . 6 5 8 . 9 51 .5 1+2.7 53 .2 1+1+.7 1+7.1 1+8.2 53 .0 53 .5 5 2 . 4 6 2 . 2 
16 6 4 . 5 53 .8 1+9.3 50.2 1+1+.8 5 6 . 1 1+8.7 1+5.1 1+7.5 5 2 . 0 5 6 . 0 5 6 . 8 63.O 
17 6 3 . 0 61.1+ 6 3 . 0 1+8.1+ I+1+.5 1+9.3 5 0 . 1 1+8.6 1+6.7 1+8.3 58 .2 5 5 . 1 6 3 . 4 
18 72.U 63.1+ 6 1 . 6 52 .7 1+9.1 52 .2 5 2 . 8 55.8 1+7.1+ 51 .4 6 0 . 1 54 .2 6 6 . 4 
19 7 5 . U 72 .2 7I+.0 55-1 1+9.6 58 .2 55 .6 56.6 1+7.1 9 1 . 1 6 2 . 1 6 2 . 9 7 2 . 7 
20 7 0 . 0 65 .6 71 .7 6 8 .7 5 5 . 3 6 2 . 6 59.U 55.0 52 .0 5^.5 56.O 5 8 . 8 74 .6 
21 76 .6 6 9 . 5 80.1+ 6 7 . 5 51+.2 66 .6 6 0 . 3 60 .7 5 3 . 4 56 .8 6 2 . 3 59-2 80 .6 
22 96.O 7 1 . 9 8 1 . 0 71 .2 57 .5 7 9 . 3 6 5 . 5 61 .2 52 .4 6 1 . 0 6 8 . 6 59-5 7 8 . 7 
23 136 .6 78 .5 88 .6 70 .2 61 .2 8 2 . 1 6 9 . 8 71 .8 57 .5 53 .5 6 9 . 4 6 5 . 4 83.1+ 
24 145-9 68 .5 7 7 . 3 76 .5 58 .8 7 8 . 5 80 .5 80.8 7 2 . 8 6 7 . 1 6 7 . 5 7 7 . 8 8 9 . 9 
25 1 1 1 . 1 83 .6 83.1+ 93-5 61+.2 7 5 . 5 6 9 . 2 76 .3 7 0 . 7 6 7 . 3 7 3 . 4 70.1+ 7 7 . 7 
26 17 6 .9 77.1+ 9 2 . 8 7 3 . 0 6 3 . 3 78 .2 81 .2 78 .0 7 0 . 3 6 6 . 9 75.1+ 6 7 . 4 8 4 . 4 
27 114 .8 71+.3 93 .2 8 6 . 0 75 .2 7 7 . 3 7 8 . 1 7U.9 7 4 . 6 70 .4 69.O 6 7 . 2 8 6 . 1 
28 110 .0 102 .0 9 8 . 1 7 6 . 8 6 9 . 9 7 4 . 0 8 6 .7 73.!+ 7 2 . 9 75-3 6 8 . 4 6 9 . I 8 9 . 1 
29 9 6 . 8 80 .5 106.1+ 70 .2 6 2 . 9 6 5 . 6 7 8 . 8 6 5 . 1 6 7 . 8 69-3 6 3 . 9 6 9 . 7 9 2 . 3 
30 1 0 4 . 1 8 8 . 3 9 0 . 6 6 7 . 5 6 0 . 3 58 .6 6 8 . 7 61 .9 59-7 63 .7 6 5 . 4 7 0 . 1 8 2 . 1 
31 91 .2 112.1+ 7 7 . 3 6 8 . 2 5 6 . 8 6 2 . 7 69.1+ 68.1+ 6 8 . 2 6 2 . 3 57-5 7 0 . 3 8 4 . 4 
32 103.1+ 88 .7 1 0 0 . 9 106.1+ 6 3 . 1 106 .0 8 0 . 9 80.2 8 3 . 9 1 0 0 . 9 8 9 . 8 7 6 . 8 132 .3 
33 135 .7 105 .8 76.1+ 81+.1 7 6 . 1 81 .2 7 8 . 7 79 .7 8 7 . 1 84 .4 1 0 1 . 5 7 7 . 2 1 1 8 . 8 
34 1 1 6 . 1 107 .3 101.1+ 98 .5 61+.3 73 .2 5 7 . 3 6 7 . 9 7 5 . 9 79-9 8 0 . 5 7 1 . 1 91 .5 
35 117 .0 7 3 . 1 85 .5 6 2 . 0 1+7.5 52 .7 52 .6 4 6 . 8 57-0 48 .6 6 0 . 1 5 8 . 6 74 .2 
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It is evident from the plots of stiffness variation in the 
region of minimum stiffness that they lead to a good estimate of the 
"buckling load. The lowest critical load predicted from the data, 
corresponds to point +108, and has the value of 1390 lb. This is in 
excellent agreement with the measured buckling load of 1375 lb. The 
disagreement of 1.09 percent is negligible. 
Summary of Tests on Specimen 2 
(Stringer Stiffened Circular Cylindrical Shell) 
Having established the validity of the stiffness method for predic-
tion of the buckling load for an unstiffened circular cylindrical shell we 
proceed to explore the possibility of its application to stiffened shell 
bodies. For this purpose a plexiglas specimen of ll.i+5 inches diameter 
and l6.5 inches length and of 0.030 inch thick skin reinforced by a 
multiplicity of stringers was constructed. These stiffeners, 0.125 
inch deep and 0.030 inch thick, were placed 1/8 inch distance apart on 
the internal surface of the shell. In this case a differential method 
for the determination of the stiffness profile was employed. The 
differential stiffness at a point is defined as the ratio of the differ-
ence of two normal forces (applied at this point) to the difference 
of deflections produced by these normal forces. The normal force levels 
used for the determination of this differential stiffness were 200 grams 
and 500 grams. The differential stiffness profiles at the equatorial 
plane of the shell under zero and U00 pound axial compression are 
shown in Figure 13. The plots of differential stiffness versus axial 
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Figure 13. Differential Stiffness Profile at the 
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shown in Figure 1^. The predicted value of 1060 lb. for the buckling 
load compares well with the actual "buckling load value of 1080 pounds. 
The error in the prediction is less than 2 percent. 
Summary of Tests on Specimen 3 
(Stringer and Ring Stiffened Circular Cylindrical Shell) 
Two frames, 0.060 inch thick and 0.25 inch wide, were attached 
to the longitudinally stiffened shell used in the previous test program. 
There were placed at 2.5 inches above and below the equatorial plane of 
the shell. A 500 gram side force was used for the stiffness measure-
ments. The stiffness profile indicated that station 00^ was the center 
of the most probable unstable region. The stiffness variation with 
increasing axial compression measured at this point is shown in Figure 
15. The predicted value of the buckling load obtained by extrapolating 
this plot (linearly) 'GO the zero stiffness ordinate on the load axis 
was 1950 pounds. The actual value determined by loading the shell 
to the buckling was 2000 pounds. The disagreement of 2.5 percent 
between the predicted and actual value is negligible for all practical 
purposes. 
Summary of Tests on Specimen k 
(Unstiffened Elliptic Cylindrical Shell) 
In order to investigate the applicability of the stiffness 
method to cylinders other than circular an elliptic cross-section 
shell was constructed. The skin thickness and the length of this shell 
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and l6.5 inches respectively. The circumference, major axis and 
minor axis were kT.l, 17-7 and 11.9 inches, respectively. The elliptic 
profile was approximated "by the four arc method (79). This approximation 
is excellent and simple enough to permit inexpensive manufacture of 
a fixture for making the end rings. The seam of the shell was placed 
at one end of the major axis. In order to locate the weaker areas of the 
shell, the stiffness determination under no axial load was carried out 
in the large radius of curvature regions only (for obvious reasons). 
A normal force of 75 grams was employed for the stiffness measurements. 
The anticipated first buckle region was established between stations 
-332 and -338. The plots of variation in normal stiffness, at several 
stations of this area, with increasing axial compressive force are 
given in Figure 16. It is seen that the stiffness variation plot 
corresponding to the central station -335 of the first unstable 
region, gives an excellent estimate for the buckling load. The 
agreement between the predicted buckling load value of 360 pounds 
and actual buckling load value of 371 pounds is within 3 percent. 
Summary of Tests on Specimen 5 
(Unstiffened Elliptic Cylindrical Shell With a Rectangular Cutout) 
So far our study has been limited to continuous cylindrical 
bodies. A natural extension of the research is to the bodies with 
definite discontinuities. For that purpose a 3" x V rectangular hole 
was cut from the elliptic shell used in the previous test. The 
coordinates of the corners of the cutout were -110, +210, -Ilk and 
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Figure 16. Stiffness-Axial Load Plo*:s for Uns"iff-ned Fllixt: - Shell . 
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ments "was 75 grams "which is the same as that employed in the 
previous test program. Thorough stiffness probing around the 
cutout was carried out. Station -215 was anticipated as the 
center of the weakest region. The variation of normal stiffness 
with increasing compression at this station is given in Figure 
17. The linear extrapolation of this plot gave 180 pounds 
as the critical value of the axial compression. The actual "buckling 
load was determined to be 191 pounds. The agreement is within 6 
percent. 
Summary of Tests on Specimen 6 
(Symmetrical Spiral Stiffened Circular Cylindrical Shell) 
The agreement between the actual failing load and the 
predicted buckling load by stiffness method for the five model test 
specimens, described earlier, is excellent. We now turn to the 
crucial issue of generality. To do so an investigation was made 
on a symmetrical spirally stiffened shell. Such shells buckle in 
either diamond or ring forms depending upon the degree of stiffening. 
However, under the normal force applied at the center of a panel or at 
the intersections of the stiffening members, the deformation pattern 
tends to differ from these forms. Thus, it is clear that the shape of 
the imperfection caused by the side force is of different nature to 
that of the buckle pattern formed under axial load. 
A plexiglas circular cylindrical specimen of 11.U5 inches 
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by symmetrically placed spiral stiffeners was constructed. These 
stiffeners, 0.060 inch deep and 0.25 inch thick, "were placed at 30 
degrees to the generator (longitude). They were spaced such that the 
perpendicular distance between their center lines was one inch. The 
method of attaching these stiffeners to the internal surface of the shell 
has already been described in an earlier section. A 600 gram side force 
was used for the stiffness measurements. 
The buckling load values, as predicted by the stiffness method, 
at the various stations of the shell are shown in Figure 18. It should 
be noted that these loads were determined by the stiffness measurements 
at the points where the stiffeners meet or the "diamond verticies". 
The probing of the weakest area, marked by a bigger diamond in Figure 
l8, was then carried out in detail and the corresponding values of 
the predicted values of the buckling loads are shown in Figure 19. 
In this study the buckling loads were determined both at the "diamond 
verticies" and at the "diamond centers". From the initial stiffness 
scan of the shell surface, the section of the shell body on the +1 
latitudinal plane between the longitude 16 and longitude 26 was 
found to be the weakest. The stiffness variation with increasing 
axial compression measured at the diamond verticies and diamond centers 
of this section are shown in Figures 20 and 21, respectively. It 
should be noted that since these diamond verticies and diamond centers 
did not exactly coincide with the one inch orthogonal grid work 
intersection points on the shell surface, the station identification 
code used for this shell is, therefore, a little different from that 
used for the previous five specimens. Each diamond vertex or diamond 
<h — ijongitucH 
+1+ -
Figure 1 
Shell | Boundary 
10 15 20 25 30 
Predicted Buckling Load Values at Various Stations of the Spiral Stiffened Shell. 
ô  ô  
67 
1 6 17 13 19 20 21 22 23 24 25 26 
Shell Boundary 
Figure 19. Predicted Buckling Load Values at 
Various Stations of the Weakest 
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Figure 20. Stiffness-Axial Load ?lc s at tLe LiaiLcnd Ver-,i:>es on +1 Latitudinal 
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Figure 21. Stiffness-Axial Load Plots at the Diamond "enters on +1 Latitudinal 
Plane of the Spiral Stiffened Shell. 
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center is identified by a five digit code. The first digit with 
appropriate sign denotes the latitude and the last four digits 
represents the two longitudes "between which the diamond vertex or 
diamond center is located. 
The minimum values of the "buckling load predicted from 
Figures 20 and 21 are 5180 pounds and i+700 pounds, respectively. The 
actual value of the failing load determined by loading the shell to 
instability was 3̂ -00 pounds. The disagreement between the actual 
buckling load and the predicted buckling load is so large that it is 
unlikely to be due to errors in observations. The discrepancy seems 
uo be due to the reason that imperfection caused by lateral load is 
not of the same nature as the buckling pattern formed under compressive 
lo ad. 
The predicted and actual values of the buckling loads of 
these six cylindrical shell specimens are given in Table k. 
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CHAPTER IV 
ANALYSIS OF A SPIRAL STIFFENED SHELL 
In the preceding chapter the results of a study on a specific 
symmetrical spiral stiffened shell under uniform axial compression 
were presented. The critical load predicted "by the wall stiffness 
variation method was ^700 pounds if the stiffnesses were measured 
at the center of a diamond and 5180 pounds when the measurement point 
was a stiffeners intersection point. In "both cases the stiffness-axial 
load plots from which these predictions were made were of high 
quality. In fact, they were among the best obtained in the whole 
test program. However, neither result is close to the 
actual failing load of 3̂4-00 pounds. The opinion has been expressed 
that the discrepancy is due to the fact that the buckle shape and 
the imperfection shape, caused by the lateral force, were different. 
One cannot, however, ignore the fact that due to the fabrication 
difficulties the joints at the meets of the stiffeners may not be 
ideal and as a consequence may cause a stress concentration and thus 
a reduction in load carrying capability. Visual inspection prior to 
and during the test did not reveal any difficulty in this field. 
Thus, to be more certain that the previous conclusion is substantially 
valid a detailed analysis of the shell was carried out. 
This analysis is based upon the theoretical solution 
published by Soong (80). It takes the smeared thickness approach and 
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includes the effects of stiffener eccentricities which were promulgated 
by Baruch and Singer (8l). It assumes that the "buckle pattern is of 
a diamond kind. Comparison "between the buckling loads determined from 
this analysis and the test results achieved by Meyer (82) on k5° 
waffle stiffened cylinders was made by Soong. The agreement is good 
and the average value of the ratio of Meyer's test results to the SoongTs 
theoretical analysis is O.96. We feel confident, therefore, that 
the theoretical buckling load for the shell tested in this program 
should be in reasonable agreement with the actual failing load unless, 
some serious reduction occurred due to local effects at the stiffener 
joints. Such effects were absent from the specimens tested by Meyer 
since those specimens were machined from a thick body. 
The analysis indicates that a buckling load of 3215 pounds 
should be anticipated. This is in excellent accord with the test 
established value of 3^00 pounds. The ratio of the actual buckling 
load value to the theoretical value is 1.06. We feel confident, 
therefore, that the explanation given for the fact that the stiffness 
method indicated a higher value than achieved is probably correct. 
In making the above referenced analysis a thorough study of 
Soong's (80) work was done. It was determined that the analysis con-
tained several errors. These errors were of no significance for 
symmetrical spirals, and thus in no way reflect upon the comparison with 
Meyer's test data. However, they have been corrected and the corrected 
values are given in Appendix B. 
It is felt that the tests outlined in the previous chapter 
and the strong analytical support given above are ample evidence that 
lh 
the stiffness method can not "be directly used with all kinds of 
structures and/or loading. We suggest that this issue is worthy for 
a more detailed study. For this study we "believe that the compressed 
shells subjected to internal and external pressure would "be the ideal 
media. In such loading environment there is a distinct change in 
buckle pattern as is evident from the work of Horton and Durham (76). 
The deformation patterns due to normal force are also at variance 
with these shapes. 
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CHAPTER V 
APPROXIMATIONS TO STRUCTURAL PROBLEMS 
UTILIZING RATIONAL FUNCTION TECHNIQUE 
Horton ( 83) recently pointed out that many engineering 
solutions are expressed in terms of the sums of an infinite series. 
Such expressions are inconvenient due to the fact that they converge 
slowly and thus the sum to a sufficiently large number of terms can 
present computational difficulty. However, in certain cases the 
infinite series can, if the coefficients are properly adjusted, be 
adequately represented "by a rational function. The discrepancy "between 
the real sum of 'n' terms of the infinite series and the rational 
function value is relatively small. This is well illustrated by 
Newmark's (81+) approximation for the instability load of an elastically 
restrained column, and by Gregory (73) in the solution of an eccentrical-
ly loaded column. Rational functions, being the quotient of two 
polynomials, are unique in the fact that infinite values of the dependent 
variable can exist for finite values of the independent variable. On 
the other hand such functions can remain finite when the independent 
variable has values extending over an infinite range. These properties 
form the basis of many useful approximations to various kinds of 
engineering problems. For example, all eigenvalues for elastically 
restrained columns are finite but the end fixity parameter can range 
from zero to infinity. It would, thus, seem reasonable to expect that 
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a rational function approach might have significance in deriving 
approximations for buckling loads and vibrational frequencies of the 
said column in terms of the end fixity parameters. It should also 
be noted that similar conclusions apply to the displacement function 
as well. Thus we are led to the thought that a study of rational 
function use in connection with displacement, instability and 
vibrational behavior of a column might lead to useful results. Such 
results could be of value to the practical engineer in that they should 
simplify his computational work and to the test engineer in that they 
might lead to simple relationships between different behavioral patterns 
This then is the motivation for the studies reported in this chapter. 
Transcendental Functions 
From a classical point of view the determination of the value 
of any transcendental function is a straightforward matter. However, 
their presence in most structural problems demand a great deal of 
computational time. Berry functions (85) encountered in the solution 
of beam column problems, could possibly be simplified if we could 
derive good approximations to the transcendental functions. As an 
example of what can be done in this regard, we examine the quantity 
V 
tan [- \/-j 
q = { < L _ ^ - _ 1} (15) 
JL 
2 
0 < P £ Q 
77 
This particular transcendental function occurs in various problems 
associated with laterally loaded columns. For example, the deflection 
'w1 at the center of a simply supported column with a lateral load 
TNT at the midspan is 
NL X_ NL 
2AP t a n 2 " 1+P 
- tan — - TT- (l6) 
where P is the compressive load applied to the column of length L, and 
/ # ( 1? 
E and I having their usual significance. Since the critical load 
for a simply supported column is given by 
Li 
we can rewrite equation (l6) as 
w = 
4. r^ J p i 
NL f
t a I 1 [ 2 V Q ] 
UP { TT . f F " 1 } ( 1 9 
NL 
UP" ' q 
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We now seek an approximate solution to the quantity q_, defined 
by equation (15), in terms of P/Q. For the purpose of the argument we 
shall assume that q can be represented by the rational function - viz, 
p 
a - + b 
1= —f— (20. 
c £• + 1 
We know that when P/Q = 0, q = 0, and thus we establish b = 0. Further-
more when P/Q = 1, q = °° and we have c = -1. The rational function can 
therefore be written 
P 
a o 
*= 1 (21 
X-Q-
We then require to match at one further point to derive the value of fa' 
We shall choose, for convenience, P/Q = 1/k as the matching condition. 
When this is done we have, a = 0.8197- Hence the approximation we seek 
_ 0.8197 (P/Q) f9PN 
^ " i - (p/Q) ( 2 2 ) 
It should be noted that there was no particularly strong reason 
to choose the matching point at P/Q = l A . We can, for example, equally 
well choose P/Q = 1/9 which gives a = 0.8213, or on the other hand, the 
19 
matching condition P/Q =0.89 gives a = 0.81303. It is clear from 
these calculations that the value of 'a' is virtually independent of 
the ordinate of the matching point. Hence, the expression 
q. = 
•82 I 
2 (23) 1-1 
is an excellent approximation to the transcendental equation over the 
whole range of P/Q (0 £ P/Q <_ l). 
Thus, the deflection function defined in equation (19) can "be 
expressed as 
v " { i - (P/Q) } HF (2U) 
or 
NL3 r 1 -, , . 
W "TCTEI L 1 - (P/Q)]' ( 2 5 ) 
a formula which agrees well with the classic expression as, for example 
derived "by Salmon (86). He expanded the 'tangent' and then replaced 
it "by geometric progression. This is an infinitely more complex 
procedure. 
Generally speaking, however, the degree of approximation is 
dependent upon the matching point or points chosen. Unfortunately, the 
state of knowledge in the subject of rational functions and/or rational 
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function approximation is such that no hard and fast, infallible 
rules for choice of matching points can be given. To a large degree, 
therefore, we need to operate on a trial and error basis, choosing 
certain matching points, deriving an approximate expression and checking 
the agreement between exact and approximate values until we have 
achieved the desired degree of accuracy. This is elucidated by 
deriving an approximation for sec[l/2 TTVP/Q]. TWO of the three 
constants in this rational function approximation are obtained by 
matching at P/Q = 0 and P/Q = 1, the extreme points. A number of 
rational function expressions are obtained by choosing different 
third matching condition. The maximum positive and negative errors 
involved in these expressions against the corresponding third matching 
value of P/Q are plotted in Figure 22. It is seen from this plot 
that the rational expression corresponding to the third matching point 
of P/Q = 0.8l gives equal value of positive and negative errors. The 
approximate formula so determined is then the approximation to 
sec[l/2 TT\/P7Q]. 
However, it is not at all certain that we shall be able to 
achieve the desired degree of accuracy from a rational function which 
has both numerator and denominator of the first degree. In fact, it 
is not necessary that they even be of the same degree. Of course, 
the higher the degree of the polynomials in the rational function the 
greater the number of matching points needed to evaluate the constants. 
Me can illustrate this point readily by determining a rational function 
approximation for the function tan[1/2 TT \/P/Q], 0 < (P/Q) < 1. Let 
8l 
"'he best rational function approximation 
for sec (^JIT&JQ) is obtained when the third 
matching condition is chosen at p/Q, = 0.81 
Figure 22. Maximum Percentage Error With Third Matching Point. 
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us suppose t h a t 
- a(P/Q) + b tan [1/2 TT ^ 7 Q ] a ^ j ^ I (26) 
Now when P/Q = 0, tan[l/2Tr / P / Q ] = 0 and so b = 0. When P/Q = 1 then 
the funct ion t a n [ l / 2 TT \/P/Q] = «> and we e s t a b l i s h c = - 1 . I f we 
choose, again in t h i s c a s e , the t h i r d matching poin t at P/Q = 1/U we 
obta in a = 3 . Thus our l i n e a r polynomials r a t i o n a l funct ion approximation 
becomes 
tan [1 /2* N/P/Q] = ffi/Q^ (27) 
I f we had chosen i n s t e a d t o match a t P/Q = 1/9 then ' a ' would have the 
va lue ^ . 6 l 8 8 , which d i f f e r s apprec iab ly from t h a t p rev ious ly a sce r t a ined , 
I t i s a r e l a t i v e l y simple numerical t a s k t o demonstrate t h a t no mat te r 
where we choose t h e matching po in t for a l i n e a r polynomial r a t i o n a l 
function approximat ion, we do not get a good approximation for the 
funct ion t a n [ l / 2 TT V P / Q ] . 
Turning back, however, t o our previous example (equat ion (22)) 
we can f ind a s imple , accura t e approximation for t a n [ 1 / 2 T T V P / Q J . 
Hence, 
_ t an [ l , /2 W P / Q ] -, .. .8197 (P/Q) 10as 
q _ ^ _ _ _ ! _ _ _ _ _ _ (2a J 
1/2 TT / P T Q ^ ^ 
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and so , 
tan[l/2Tr /?7Q] - 1/2TT ./P/Q i1 " ^ ( g / f f i ^ } (29) 
or 
tan[TT/2 /T7Q] - 1/2* /p?Q { 2 " | ^ 2 ( P / Q { Q ) > (30) 
Here the degree of polynomial in the numerator differs from that in the 
denominator. The expression is an excellent approximation over the 
range 0 <_ (P/Q) <_ 1. This fact is illustrated in Table 5, where the 
exact and approximate values are compared. 
Listed in Table 6 are a number of rational function approximations 
for transcendental functions which frequently occur in structural 
analysis. The degree of error involved in each case is clearly indicated. 
Stability of Columns 
The critical load for a column with extreme cases of boundary 
conditions, i. e., pinned, fixed etc. is easily ascertained (85). This is 
not true for columns with boundary conditions which deviate from the ideal 
ones viz, columns with partial restraints at its ends. The characteristic 
equations which define the various eigenvalues of partially restrained 
columns can be readily established. However, these equations are, at 
best, transcendental and a closed form solution is not possible. Graphical 
and numerical solutions are among a few popular methods used to solve 
81+ 
TT / P TT 
T a b l e 5 • Accuracy of t a n [ — / — ] = — 
i . t . z 
f 2 1 Q.1, 
.1 - (p/Q)i 
t a n [ | / | ] l/I 6^1 * Q [iqWoT} fo E r r o r ( e) 
0 .005 0 . 1 1 1 5 3 1 0.131521+ 
0 . 0 5 0 .366^35 0 .366206 
0 . 1 0 0 .5^2063 0 . 5 ^ 1 ^ 0 8 
0 .25 1.0000 0 .99733 
o . 5 2 .01799 2 .00987 
" . 7 5 14..6811U 1+. 66^05 
0 . 9 1 2 . 3 7 8 6 1 2 . 3 ^ 7 2 
) .99 126 .985 126 .82 
1.00 CO CO 
0 
- 0 . 0 0 6 
- 0 . 0 6 3 
- 0 . 1 2 1 
- 0 . 2 6 7 
-0.1+02 
- 0 . 3 7 1 
- 0 . 2 5 3 
- 0 . 1 3 0 
0 .000 
0 0 9 2 . 6 2 2 9 
Maximum E r r o r 
2 .6I .209 - 0 . 4 1 2 
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Table 6. Transcendental Functions - Approximate Formulae. 
F u n c t i o n Matching 
P o i n t s 
Approx ima te 
Formula 
Maximum 1 
E r r o r (em) 
• r™ p 1 
S l n ^ Q ] 
n / P 
C ° S 2i Q 
P/Q = 0 , . l 6 , l 
- 15-if .18 -
ll E [ ^ } 
15+2 -
1 + I?(Q} 
-O.OI96 a t ~ = .99 
0; 
+0 .0300 a t - = .70 
Q, 
P/Q = 0 , . 8 l , l { 1 "[̂ H -0.665 at I = O.lfl 
+0.^73 a t - = 0.99^ 
taii{T^/ - ] P / Q = 0 , . 5 3 , l 
1 — ( ^ 
n FPr 2 1 V , 
2v/ Q l l - P/Q j 
- 0 . ^ 1 2 a t - = .59 
+0.000 
=°Lli/1> P/̂ 0,.53,1 ^ H ^ f - } 
2/ Q i _ 21V 
-0.000 
+0.1+14 a t - = .59 
; e c [ a / Q] 
c o s e c f g / ^ } 
P/Q, = 0 , . 8 1 , 1 1 + 1 5 ( 5 ) , 
1 1 - P/Q j 
i / | } P/Q = 0,-16,1 1 [^L-J 
in ̂ -K) 
-0.U71 at ~ = • 99^ 
+0.670 at £ = M 
-0.0300 at £ = 
0, 
• 7 




these characteristic equations for the particular values of the 
boundary restrain parameters. The Southwell plot (7,15) is in common 
use "by the experimentalists to evaluate the critical load for columns. 
Horton, et al. (l8, 87) proposed a simple, practical, method for the 
experimental determination of the critical load of a realistic column. 
They discovered that the product of the critical load and the maximum 
value of the flexibility coefficient, determined by applying a point 
lateral load between 3/8 and 5/8 of the span of the column, is constant 
2 
for all practical purposes and is given by IT L/̂ -8. 
However, these methods are tedious and impractical to determine 
the critical loads for a family of columns for which the end restraint 
parameters vary over an infinite range. We can establish a very simple 
relationship between the critical load and the boundary fixity 
parameters by using the rational function method. To fix the ideas, 
we consider a uniform EI column of length L and with equal end 
rotational restraints of value 3EI/L. The governing characteristic 
equation for the instability, derived in Appendix C, is 
tan I + I = 0 (31) 
where A = \/P L /EI, P ^ being the critical axial compressive force 
and EI having the normal significance. 
If we allow 6 to vary between zero and infinity (i. e. , we 
consider all columns from simply supported to clamped boundaries), we 
can readily compute the value of A corresponding to any specific value 
87 
of 3. Nevertheless, we certainly cannot derive a general expression 
for critical load in terms of the "boundary restraint parameter 3. We, 
however, can express the critical load parameter A in terms of the 
boundary restraint parameter 3 "by a rational function of the form 
* - T K T - (32) 
Here, in f a c t , we have an example of t he second c l a s s of r a t i o n a l 
funct ions p rev ious ly def ined , namely, " . . . t h e funct ion can remain 
f i n i t e when t h e independent v a r i a b l e has va lues extending over an 
i n f i n i t e r a n g e . " Here the e igenvalue i s always f i n i t e and v a r i e s 
between n and 2TT as the boundary r e s t r a i n t parameter v a r i e s between 
zero and i n f i n i t y . 
We know t h a t when $ = 0, X = i\ and so b = ir; s i m i l a r l y when 
3 = °°, A = 2TT and thus a /c = 2TT. For our t h i r d matching po in t we 
choose t he value of 3 which corresponds t o a value of A = 3TT/2 and 
t h i s i s r e a d i l y seen t o be as 3 = 3TT/2, and we determine t h e value 
c = 2/3TT. Hence, 
* - < 23 + STT } * ( 3 3 ) 
Therefore, the critical load for a column which has equal rotational 
restraints (3EI/L) at its ends is given by 
P = { hL+Jl. }
2 . ill (3M 
cr l 2B + 3ir ; T2 '
 ii4; 
Numerical evaluation, summarized in Table 7, shows that this is an 
excellent formula. It is slightly more accurate ("by one percent) 
than the expression 
p . r h£ + TT2 2 TT
2EI f v 
Pcr ' { 23 + TT^} " ~ 2 - ( 3 5 ) 
i-i 
which Newmark (8H) obtained "by other means. Table 8 lists similar 
simple formulae for many other cases of column stability (the 
corresponding characteristic equations are given in Appendix C). The 
errors involved in these approximations are negligible for all 
practical purposes. In all these formulae given, however, it is to be 
noted that for the sake of computational simplicity in their use, the 
constants have been rounded off. The errors stated are based upon 
these rounded off figures and not upon the exact values which are 
determined when the constants are computed using the matching points 
stated in the table. 
Geometric Mean Property of Rotationally Restrained Columns 
At this juncture it is expedient to point out that if P is 
the critical load for a column with equal end fixity parameters (3-,, 3-,), 
P?p the critical load corresponding to the end fixity parameters 
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P L2 
Table 7« Accuracy of - _ rr- j tp-r jm 
EI " L23+3TTJ 
3 
P L2 
1 EI J exac t 
r43 + 3 n ,
2 2 
[ 2 B + 3ir
] " 
io E r ro r ( e ) 
0 9.8696 9.8696 0.000 
.1 IO.2656 10.284 0.180 
.2 IO.6536 IO.6896 0.338 
• 5 11.7719 11.8539 0.697 
1 13.4924 13.6276 1.002 
2 16.4634 16.6272 0.995 
5 22.6699 22 .6471 -0.100 
10 28.1677 27.846 -1.142 
20 32 .7819 32.3091 -1.442 
50 36.5136 36.1513 -0.992 
100 37 .9^73 37.7217 -0.595 
10000 39.4626 39-4597 -0.007 
Maximum Error 
18.2 32.2435 31.7763 -1.449 
1.4 14.7509 14.9085 +1.068 











restraint (3) > 
other end free. 
0 ° ^ 
0 = 0 , smal l 
n / 6 / 3 , 
n / / 3 , oo 
J. P = f -
c r ' li+3+3n 
2 
rr EI -2 .90^ a t 3=3-9* 
+3.826 a t 3=0.1 
P . = I" JiLt 
cr 
3 ^ • p } - -0.023 a t 3=0 .8** 




simply supported n 3TT P f ^ + 3 n m
2 E I 
° ' 2 " ^ P c r - i 2 3 + 3 ^ ] — 
-l.M+9 at 3=18.2 
+1.068 at 3=1.h 
wi th e qual 
rotational 
restraints 3. 
P = 0,1.5,6, P =[kl + 3 6 ^ 7 } 
20,» 3 +133 + 57 
n2EI 



























Pcr=(lT — ] ' 
31+1831 +70 
232+3232+70 2 
^ 2 ' 2 . 
3^+l83o+70 L 
-3.059 at 3^16.3 
02
=o 
+1.777 at p =2.^ 
-2.581 at p =12 
0 2
= O 
+1.302 at 3 =2.1 
* Error evaluated for 0.1 <, 3 <s 00, values below 3=0.1 are impractical 
*-* Error evaluated for 0 ^ 3 <, 00 
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f i x e d , 
\ 
'Oi 
o t h e r w i t h 
L a t e r a l 




c r l 2 j 
3a +33cv + 972 
n 2 E I 
- 2 . 1 0 9 a t 
a = 2U-.6 
+2.1^+5 a t 
a = 8 .5 
One end f r e e , 
o t h e r end 
f i x e d , l o a d 
a p p l i e d 
H = o , o . 8 i 3 M P c r = l g ^ M ] 
f37-31T1 i n EI 
L 2 
-3 .U37 a t 11=0.58 
+3 .587 a t 71=0.93 
0 <. T] <; 1 
T l=0 , . i+ , . 75 , 
o p a s s t h r o u g h . 9 2 , 1 
a f i x e d p o i n t on 
the column a x i s , 
b e t w e e n t h e two 
ends of co lumn. 
p _f80Tt-173Tl+96j 
c r 36Tl2-80Tl+^7 
TT~EI 
" i 2 
-O.i+65 a t 71=0.59 
+ 0 . 2 8 1 a t 71=0.86 
X 
One end f r e e , 
other end fixed K,0 
Load applied 71=1. 
- ^ 
3TT 
• > ^ P 
1 <: 71 < 00 
P = f2L_Li )TT E I 
c r l 2 0 7 1 - l V ~ 2 ~ 
L 
- 2 . 1 9 2 a t 71=1.12 
+1 .787 a t 71=2.76 
,0 p a s s t h r o u g h f887]
2-657)+2 , - 0 . 0 3 5 8 a t 71=5-1 
a f i x e d p o i n t on 7 1 = 1 , 1 . 1 , 1 . 4 , P = { L-^ ' ] • ' 
t h e column a x i s , 2 , r o
 C r 35271 -5^7]+217 + 0 . 0 6 0 9 a t 71=1.0^ 
away from f i x e d P 2 
e n d . . ( T / W I / 
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Table 8 . Continued. 
Maximum % 






Both ends o o 
i — J R §=o,i,3,io,co P ={2l!±8i±!iO]I£|i _0>953 a t §=1>79 
3-C P 
cr v 2 J 2 
3§ +3§+10 L 
+1.886 at §=0.U2 
rounded 
§=(L/2R) . 
One end simply 
supported, r =0,—,< 
other end ^ '3TT' 
attached to 
Pi ) ) F f r 9 
cr 
5C+ 6-,Tf EI 
•20£+ 6J L2 
-2.192 at £=0.12 
+1.787 at £=1-76 
a rigid body K 2 
whose far end £=0,2/3/^TT, P ={-^-~^- 111 -
is simply ' U/3n,3/3/2TT, °r 1% +7£+l L 
supported . and co 
EI -0.^19 at £=0.22 
+0.020 at C=^-32 
Cantilever Tapered Column 1=1-, (x/a) 
x 1 
I = Moment of Inertia at the Smaller End of Column 
Ep = Moment of Inertia at the Larger End of Column 
A = h^h [ m * A * i} . 
n = 2 A=.01,.0U, = r90A + IR)A+0.7I
 E I 2 
c r 23A2+29A+1 2" 
h 
-0.672 a t A=.015 
+O.56U a t A=.07 
= k A = . 0 1 , . 0 3 , 
. 1 , - 3 5 , 1 . 
P = (
1 2 6 A 2 + 3 9 A + 0 . 3 1 ^ L T 2 
c r "3W2+32A + 1 ' L2 
-0.688 a t A=.015 
+0.603 a t A=.6k 
93 
(3p5 3p) and- P-,p ^
s "̂ ^e critical load corresponding to (3 , 3 p), 
then P p is very nearly the geometric mean of P and Ppp, i- e., 
P12 " ^ Pll • P22 (36) 
This simple, useful fact has "been used to establish the formulae 
which involve unequal end rotational restraint parameters (83). The 
errors in this approximation are small and illustrated in Table 9. 
Stability of Frameworks 
As we have emphasized in the previous section, columns in a 
structural framework are never pinned at their ends, but fixed in 
some way to other members of the structure. Rotation of the column 
ends are, thus, restrained by the other members which meet at the 
joint. These restraints call into play end moments. Therefore, when 
dealing with the stability of frameworks which consists of an assemblage 
of members, the analysis centers around the behavior of an element 
with applied end moments. A detailed treatment of the subject is 
given in reference (73) and reference (88). It is clearly seen that 
there are two stability functions 'S' and TSC which are of significance 
in the stability analysis of frameworks. These functions are as follows; 
for compression, 
a r(l-AcotA) A/2 , , ~ „ \ 
S = { tan X/2 - X/2 } (3T) 
T a b l e 9- Accuracy of F = V P 1 ; , . V 
E r r o r s i n P e r c e n t ( e ) 
Bl 
. 1 .2 VJ
l 1 2 5 1G 20 50 100 1000 10000 
0 0 - 0 . 0 0 9 -0 .035 -0 .176 -0 .50U - 1 . 1 ^ 3 - 2 . 0 8 7 _ 9 Q
 c O -2 .335 -2 .26U -2.2*4-5 -2 .235 - 2 . 2 3 6 
. 1 o - 0 . 0 0 8 -0 .10U - 0 . 3 7 5 - 0 . 9 ^ 2 - 1 . 7 9 ^ - 2 . 0 1 2 -1 -9^7 - 1 . 8 W - 1 . 8 1 2 - 1 . 7 9 1 - 1 . 7 9 0 




0 -0.08U -0.14-15 - 0 . 9 7 1 - 1 . 0 1 6 - 0 . 8 2 3 -O.61U - 0 . 5 3 9 -O.I476 -0 .V70 
1 0 - 0 . 1 2 3 -0.1+31 -0 .3U0 -0.0*4-2 O.258 0 . 3 7 0 0.1471 0.1+80 




0 0 .120 O.I4-I4-I 0 . 8 1 7 0 . 9 7 8 1.136 1.152 
10 0 0 .106 0 .335 O.U5O 0 . 5 7 0 0 . 5 8 3 
20 Symmetr ic 0 0 . 0 6 7 0.12U O.I9I4 0 .202 
50 0 0 . 0 0 9 0.0314 0 . 0 3 7 
100 0 0 . 0 0 8 0 . 0 1 0 
1000 0 0 
10000 0 
Maximum ^ E r r o r 
- 2 . 3 6 8 when {3 = 0, B2= 12 




., _ Acosec A - 1 
1 - AcotA 
and for tension, 
_ A(AcothA - l) ,„ns 
" A + 2(cosechA-cothA) { J 
_ 1 - AcosechA 
AcothA - 1 
Livesley and Chandler (88) have tabulated these functions. However, 
they can "be conveniently represented "by rational function form as 
given in Table 10. The errors involved in various approximations are 
clearly indicated in this table and they are small for all practical 
purposes. 
Instability of a Circular Plate 
The closed form solution to the problem of radially symmetrical 
buckling of a circular plate under radial compressive forces uniformly 
distributed along the edge of the plate, is easily ascertained for 
both pinned and rigidly fixed boundary supports. There is, however, 
no straightforward answer for the critical stress when the circular 
plate is elastically restrained against rotation all along the edges. 
The governing characteristic equation is transcendental (89, 90) 
and involves Bessel functions of the first kind. As such, a closed form 
Table 10 . S t a b i l i t y of Frameworks - Approximate Formulae. 












S = (260.3(P/Q)^ - 2̂ ?3(P/Q.) ± 3970 
' *-9.07MP/Q)^ -286.3(P/Q) + 100 
k <• < -25 ) 
-2.116 at P/0 =2.1 
+2.613 at P/Q = -8.7 
SC p/Q = U,3.7, 
2,-2, 
-30. 
SC = hz.ioiv, U86 (P/Q) + 2009 1 
+ 1000' 39-35(P/Q)2 - i+07A(p/ 
( 1+ <, P/Q <. -50 ) 
-1.153 at P/Q = -11 
+1.007 at p/Q =3-99 
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solution for critical radial pressure in terms of the degree of edge 
restraint parameter is not feasible. However, we can seek an approxi-
mate solution of the problem by the rational function method. The 
stability criterion (90) for the rotationally symmetric buckling mode 
is 
l/ (ha /D) JQ (a fihol/l)) + (3-1+v) J (a \j (ha^/D) = 0 (39) 
where a, h and D are the radius, thickness and bending rigidity of 
the circular plate; a is the radial compressive stress and 3 = ak/D 
the nondimensional elastic rotational restraint parameter where k 
being the restraining constant. The critical stress, for convenience, 
can be written as 
(a ) = K* .-£- (hO) 
r cr n 2 ha 
where K* = K*(@), i. e., the critical stress may be considered as a 
function of the degree of constraint along the boundary. 
A simple rational function representation for K* in terms of the 
boundary restraint parameter 3 is 
a 3 + b 
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we choose the three matching conditions to be 
(i) 3 = 0, K* = k.2, 
(ii) 3 = 2.6, K* = 8.59, and 
(iii) 3 = °°9 K* = ill.68. 
The coefficients a , b , and c. can thus be evaluated and after a 
little algebraic manipulation, we obtain 
K* = km2 [333 + 36] 
L103 + 36J 
and the critical radial pressure, therefore, becomes 
(te) 
a h 
Table 11 shows a comparison between the exact and approximate values 
of (a ) • ha2/D. 
r cr 
If the circular plate separates an incompressible liquid, the 
usually occurring rotationally symmetric first buckling mode cannot take 
place (90). The first buckling mode in this case will be the one 
corresponding to the usual second buckling mode with a diameter as nodal 
line. The stability criterion in this case will be 
[2(3+v-l) + ha a /D]J [a/ha /D]-( 3+v-l )a \f~ho^/l) JQ[a i/ha /D] =0 (kk) 
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2. 
Table U . Accuracy of { ( ^ 2_!i} = k.2 { g L ^ f } 
! " ^ c r ^ ^jgf* «*""<«> 
0 4.2 4.2 0.000 
.1 4,44866 4.48378 0.790 
o 4.69097 ^.75263 1.31^ 
.5 5.36897 5.^8049 2.077 
1 6.35322 6.48261 2.037 
2 7.88617 7-95 0 
5 10.4617 10.3047 -I.501 
10 12.1725 11.9206 -2.070 
2.0 13.3176 13.0983 -1.647 
50 14.1107 13.99^8 -0.822 
100 14.3923 1^.3351 -0.397 
14.682 14.7 0.123 
Maximum Error  
9.5 12.0644 H.8l45 -2.071 
0.7 5.78318 5.9093 +2.181 
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Here again we can establish the explicit relation between critical 
stress and the degree of edge restraint parameter 3 by the rational 
function method. We arrive at the approximation 
a h 
This formula was obtained by satisfying the three conditions at 3 = 0, 
h .2 and °°. The accuracy of this formula is extremely good. The 
maximum absolute error in this approximation is less than 1.5 percent. 
Formulae for the critical radial stress for both cases, 
(i) when the plate does not separate incompressible liquid and (ii) when 
the plate separates incompressible liquid, are listed in Table 12. 
Torsional Constants 
Torsional "constants" associated with the torsion of rectangular 
and sectorial elements are given by equations involving complicated 
series summations. For example, the torque carried by a rectangular 
element as derived in reference ( 91) is given by the expression 
M = \ {1 - ±f- • § E ^ tanh ̂  } G6(2b)(2a)3 (k6) 
IT n=l,3,5>... 
where 2a and 2b are the smaller and larger sides of the rectangular 
element respectively, 6 is the angular twist and M is the torque 
carried by the rectangular element. We write equation (h6) in the 
following simple form; 
Table 12. Plate Buckling - Approximate Formulae. 
Maximum % Error (em' Case Mat chine- Points Approximate Formula 
C i r c u l a r p l a t e , 
edges S .S . and 
r o t a t i o n a l l y 
r e s t r a i n e d (3) 
Radius = a 
Thickness = h 
D = E h 3 / £ 2 ( 1 - V
2 ) } 
3 = 0,2.6,03 
3=0,1.5,U,8,co 
[ c r r ] c r 
L r J c r 
h 0^3^+36 , _V_ 
1 | > 2f7p +3^+35 , 
2 p 2 + l ^ + 3 5 a"h 
-2.071 at 3 = 9-5 
+2.181 at 3 = 0.7 
D 
2, 
-0.286 at 3 = U.2 
+0.122 at 3 = 10000 
Circu la r p l a t e , 
as descr ibed above 
but i t s epa ra te s an 
incompress ible l i q u i d , 
i . e . the f i r s t : buckl ing 
mode i s non symmetric 
3 = o,k. 2,00 [ C T j = 1 3 . 1 ^ , - 2 
r cr 53+2U
 J
 a 2 h 
i c r u r 1 n -•'•r
2P +163+32, = o , 1 . 5 , 5 , 1 5 , » La J ^ = 13-1H o e j 
D 
r cr 2
 J 2 
3 +103+32 a h 
-1 .301 a t 3 
+O.969 a t @ 
-0.386 a t 3 






M = K • G 6 ( 2 b ) . ( 2 a ) 3 (kl) 
\J J_ 
The constant K for different values of b/a can be s tated in 
the simple ra t iona l function form. We derive 
v - r72(b/a)-35 , (hH) 
h - {2l6"(b/a) + ll7
} ( W 
by using the three matching conditions at b/a = 1, l-T, and °°. The 
accuracy of this expression is excellent. The maximum absolute error 
is less than 1.125 percent and is negligible for all practical purposes 
The torsional constants associated with the torsion of the 
sectorial element involves more complicated series summation. The 
stress function (91) which defines the twist of a sectorial element is 
* = 9L { _ r 2 ( l . eosg!) + I6|f£ - ( *2 { h ) 
2 cosa 3 .. 0 c 
TT n=l, 3,5 • • • 
nir /nir^x 
— cos ( ) 
r\ a a 
(r) a / , 2a >. / 2a v n(n + — ; (n -— J 
IT TT 
where a and a are the radius and angle of the sectorial element 
respectively. $ is the stress function and ¥, r are the polar 
coordinates. The quation (k9) must be substituted in the expression 
103 
M = 2 J J $rd¥cLr (50) 
t 
to determine the angular twist. We can write, after carrying out the 
integration, the torque carried by the sectorial element as 
M = K G a 6 (51) 
The infinite series which ' K* represents can be conveniently expressed 
by a simple formula by using the rational function technique. We do so 
by writing K in the rational function form as follows; 
2 
a a + b a + c, 
K = -^2 — (52) 
dna + f. a + 1 1 J_ 
where a, for convenience, will be taken in degrees. To evaluate the five 
constants in equation (52), we need five conditions to match. We select 
the five conditions to be matched at a = 30, ̂ 5, 90, 180 and 360 degrees. 
The values of a below 30 degrees are ignored as the sectorial element 
is too small to carry any appreciable torque. When this is done, we can 
write the expression for K, after rounding off the constants, in terms 
of a as following; 
K = rl3 x 10"^a
2-33 x 10" a + 35 x 10 3, , , 
56 x 10"Ta2 + 28 x 10"3a + 7 
(30° < a < 360°) 
10i+ 
This formula is accurate within an absolute error of 3 A percent. The 
approximate formulae for various torsional constants associated with 
the rectangular and sectorial elements are listed in Table 13. 
Experimental Data 
The factual information of engineering is based as frequently 
upon experimental observation as upon theoretical analysis. Often 
these experimental data are needed for design purposes. It is con-
venient for these purposes to have the empirical formulae which 
express the results of test experience. Rational function approximation 
can play an important role in this activity. To illustrate, we present 
in algebraic form the experimental data on stress concentration factors 
given by Timoshenko (9l)- The formulae given in Table lh accurately 
represents Timoshenko's curves. This is clearly seen in Figures 23 
and 2k, which show the approximation data superposed upon the Timoshenko's 
experimental results,. 
Exponential Forms 
Our approach, so far, has been to express the dependent variable 
in terms of the independent variable by a direct rational function of the 
type y = F(x)/li;(x), where F(x) and H'(x) are the polynomials in the 
independent variable. There are some cases, however, where it is more 
F(X)/mix) 
convenient to adopt an indirect form viz, y = e . The choice 
between a direct rational function or an indirect rational function 
approximation is influenced by the purpose for which the approximation 
is desired. For many engineering problems the direct rational function 
method is preferable from a calculation viewpoint. However, if the 
T a b l e 1 3 . T o r s i o n a l 'J oris t an t s - Approx ima te F o r m u l a e . 
C o e f f i c i e n t Match ing P o i n t s Approx imate Formula Maximum % Error_(_em) 
( a ) T o r s i o n of R e c t a n g u l a r B a r s (± < b / a ^ co) : 
KL, = M / ( G 9 ( 2 a ) 3 2 > l b / a = l , 1 . 7 , » v f 7 2 ( b / a ) - 3 5 , - 1 . 1 2 5 a t b / a = 3 M 
1 K l " t -2 l6 ("b /a )+^7 J + 1 . 0 5 1 a t b / a = 1 . 2 1 
K = l l / { r ( 2 a ) 2 ( 2 b ) } b / a = l , 3 . 8 , o = f 1 5 ( b / a ) - 5 , - 0 . 9 6 2 a t b / a = 8 . 6 
2 t max* K2 " 1 ^ 5 ( " b / a ) + 5 1 1 -KD.988 a t b / a = 2 . 1 8 
K T m 
K = - ± = - 2 ^ L b / a - i 1 55 3 5 _ / , / N _ - 1 . 2 8 0 a t b / a = l 
K 2aG9 D / a _ , 1 . 5 5 5 3 . 5 2 ^ b / a . ^ ^ 
^ l23(b/a)-8 ; 7 
(1 £ b/a £ 3.5) 
= 1 (3.5 £ b/a £ o=) 
(b) Torsion of Sectorial Bars (a ): 
K = M./(Ga\) Q Q ^xlO'V-SSxlo'VeSxlO'
3, .0.65U at 0 = 3 ^ 
"=3° ' ^ 9 ° ' ' 56X10-V+28X10-\+7
 ] ,0 691^.-270° 
sectorial angle and 3&0 y " +0.byi at, Q/-^U 
a" is in degrees 
(30 <; a £ 360 ) 
Table lh. Experimental .Data (S t r e s s Concent ra t ion Fac to rs ) - Approximate Formulae. 
Loading Matching Points Approximate Formula Maximum 7-; F r r o r i em J 
Tension 





R/d=0.0336 ,0 .2 ,0 .5 
_ f6U(R/d)+121 
K t " l52(R/d)+3 j 
(0.0336 £ R/d <. 0 .5) 
-0.70U a t R/d=0.5 







R/d=0.027 ,0 .15 ,0 .5 
. f8l(R/d)+201 
\ ~ 180(R/d)+8 j 
(0.027 £ R/d £ 0.5) 
-0.738 at R/d=0.027 
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Figure 2h% Stress Concentration Factors - Pure Bending o 
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approximation is to be used in the establishment of some relationship 
between two quantities which are mutually related through a third 
parameter, the exponential form of rational function approximation 
is more convenient. This is clearly shown in reference (7I4.) by 
establishing a relationship between the vibrational frequency of a 
partially restrained beam with equal end rotational restraints, and its 
instability under axial loading. For the sake of completeness we give 
the following steps from reference (ik). 
If ]i = (mL co /El) is the parameter associated with 
vibrational frequency, w, of the beam of mass 'm' per unit length, then 
f0.h09 3 , 
13~nria j 
U33 = TrS (5*0 
and the i n s t a b i l i t y parameter A, defined e a r l i e r , i s 
r 0.693 3 , 
1 3 + "OT" j ,„ 
^nn = ^ (55 
Thus, from these two equat ions i t follows t h a t 
u „ „ X - 7 
_EJi . (_££) ( 5 6 ) 
TT TV 




since the geometric mean property applies to "both A and y. 
In Table 15, we list approximate exponential formulae for some 
of the problems treated earlier. 
Deflection Functions 
The powerful technique of rational function approximation is 
most effective in the simplification of complex displacement functions. 
Exact solutions to "bending problems are obtained by this method. To 
exemplify this point we examine the deflection function for the 
symmetrical bending mode shape of a circular plate under uniform normal 
pressure. The plate is elastically restrained against rotation all 
along its boundary. The elastic restraint parameter 3, defined earlier, 
is assumed to be uniform. 
Let 'wf be the deflection function to be evaluated and fq' be the 
intensity of the normal pressure applied on the plate surface. Let wn 
and w be the deflection functions of the plate corresponding to the 
extreme cases, 3 = 0 and 3 = °°, of the boundary restraint, i. e., when 
the edges are simply supported and fixed, respectively. We suppose 
that w can be represented by a simple rational function in terms of 
the degree of edge restraint. 
a, 3 + bn 
v'^n^ (58) 
?able 15. Exponential Formulae - Column and Plate Buckling. 
Case Matching Points Approximate Formula Maximum % Error ( em, 




r 25B , n 
I180+60* TTEI 
*cr " e T2 L 
-0.992 at 3=18.7 















p m ^303^120 3 6 3 ^ 1 2 0 ^ _ 2 < 8 3 3 a t 5 
+I.908 at 3^=00,3^=2.5 
One end free, 
other end fixed, 
Load applied 
_ L » 
Ur T)L 
11=0,0.813^,1 
to pass through a 
fixed point on the 
column axis be-
tween the two 
ends of column. 
f37-37Th 5 
,l51-39TlJ I L S 
cr 
-3.093 a t 11=0.59 




l a b l e 1 5 . C o n t i n u e d . 
Maximum % Error ( em) Case Matching Points Approximate Formula 
One end free, 
other end fixed. 
load applied 
1 £ Tj £ oo 
to pass through a 
fixed point on the 
column axis, 
away from fixed end, 
7 1 = 1 , 
J++3TT 
3TT : 
P = e 
c r 
l5T]-2J TTTII -1>23 at 71*1.12 
40. — 
One end simply 
supported, other 
end attached to 
h H CL| 
a r i g id "body 
whose far end 






-1.U23 at Q=0.12 
+0.000-- — 
B. Plate Buckling 
Circular plate, 
edges s.s. and 
rotationally 
restrained (s) 
radius = a 
thickness = h 
D = Eh3 /ri2(l-v2)] 
p=0,3,co 
LUrJcr 2. -1.685 at p = 10.3 
+1.207 at 3 = 0.8 
T a b l e 15 . C o n t i n u e d . 
Case Matching Points Approximate Formula Maximum % Error (em) 
Circular p la te as , 7p -. 
described above 10fl+̂ U 
but it seperates = k w j. ] = ^ e D -0.633 at 0 = 15 
an incompressible r cr ^ = 
liquid, i.e. the h-a 
first buckling mode 
is nonsymmetric 
Ill* 
Now, when 3 = 0, we have the simply supported plate and so w = w , 
which establishes b = w . Similarly when 3 = °°, the deflection 
function becomes w = w and hence, an/a. = w . Therefore, 
00 l l 0 0 
c i e w « , + w 0 
w = -^TTT— (59) 
The wel l known express ions for d e f l e c t i o n shape of t h e simply supported 
and clamped c i r c u l a r p l a t e (92) a r e , 
w„ = 
2 2 N 2 
0 = 6k D V ' (a - rf (60) 
and 
*.'-&5- ^ - ^ - ^ a 2 " ' 2 ) (61) 
To evaluate the remaining third constant c , we make use of the slope-
moment relation at the boundary of the circular plate, i. e., at r = a. 
Using the simplifying notations w' and w", respectively, for the first 
and second derivative of w with respect to r, we can write the boundary 
condition in the following simple form; 
(Wf) = -aB(w" + w'~) _ (62) 
r — a r x — g, 
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subst i tu t ing the value of w from equation (59) into the equation 
(62) and simplifying for c , we obtain 
1 a3w0" + (i+v3)w0
t 
Cl " " 3" W " + (i+v3)w»
 } ( 6 3 ) 
00 r=a 
The deflection function, therefore , becomes 
1[ 2 2 / v U / v 
TT _ H E - ^
a r / 1 l + ( 5 + v ) B -i , qa , 1 + (5+v)B T f A ] 
which is exactly the same expression Lakshmi Kantham ( 92) obtained 
by solving the exact governing differential equation. Nassar (93) has 
shown this "exactness" of rational function technique for a wide 
variety of beam bending problems. 
This exactness of rational function method is, however, not true 
for the buckling mode shape of column instability. Nevertheless, 
for all practical purposes, the process gives sufficiently accurate 
functional forms which have considerable significance in energy 
solutions (9^). We exemplify by deriving an approximation for the 
deflection curve for a rotationally restrained compressed column. The 
expression for the exact deflection function, derived in Appendix C, 
for equal end restraint parameter 3 is, 
w = A{sin Ax + -̂  (l - cos Ax)} (65) 
A 
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where A, defined earlier, is the critical load parameter. We suppose 
that the deflection function, w, can "be represented "by a simple 
rational function. If this is so, then, it would seem reasonable to 
suggest that it might he either of the form 
= ̂ 4 (66) 
c3 + 1 
where a, "b and c may he functions of x; or of the form 
a x + h 
^ ^ T T T 1 (6T) 
where a , "b , and c, may he functions of 3« Since we know explicitly 
the functions of x which corresponds to the extreme cases of 3 = 0 and 
00, we choose the first form, viz 
ag + h //M 
w= ^FTT (68) 
when 3 = 0 , w = A s i n (TTX) and t h u s h = A s i n (TTX). F u r t h e r , when 
3 = oo, w = B ( l - c o s 2TTX) and h e n c e , a / c = B ( l - cos 2TTX) . T h e r e f o r e , 
we can w r i t e 
B C 3 ( 1 - C O S 2 T T X ) + Asinrrx tf^\ 
w = J B ~ n (69) 
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I f we c h o o s e , now, t o s a t i s f y t h e moment s l o p e bounda ry c o n d i t i o n s 
w" = 3w! a t x = 0 , t h e n we a r r i v e a t t h e v a l u e of A = UTT«BC and our 
f i r s t a p p r o x i m a t i o n becomes 
¥ = —r~- {^TrsinTTX + 3(1-COS2TTX) } (TO) 
c(3+l 
which f o r c o m p u t a t i o n a l s i m p l i c i t y can be w r i t t e n as 
w = A { | — s i n u x + ^ ( 1 - C O S 2 T T X ) } (71) 
since 'Af is an undetermined multiplier and we wish each term inside 
the brackets of our approximation to have finite multipliers under all 
circumstances. The accuracy of this simple expression is illustrated 
in Table l6. It is only fair to note that as we approach the support 
points the error rises sharply. This, however, is unlikely to give 
much difficulty in the normal applications of the expression. The 
treatment of the error, in detail, is given in reference (9U). 
Approximate instability mode shapes for various partially restrained 
columns are listed in Table 1J. The degree of error in each case is 
clearly shown. 
In the foregoing sections rational function technique has been 
used to derive useful approximations to many structural problems. Such 
applications of the rational functions is not mentioned in any textbook 
of engineering science. Treatises on pure mathematics (95, 96) also 
\ 
T a b l e l 6 . Accuracy of w = -McTIT s i n n x + r^r- (1-COS2TTX) V . 
% E r r o r ( c ) 
0 . 1 .2 .5 1 2 5 10 20 50 100 1000 
0 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0.000 0 .000 0 .000 0 .000 0 .000 
. 1 0 .000 - 0 . 3 7 1 -0 .723 -1 .679 -2 .982 -U.782 - 6 . 7 9 9 -6 .630 -I+.966 - 2 . 5 3 0 - 1 . 3 5 ^ - 0 . l U 2 0 .000 
.2 0 .000 -0 .253 -0.U92 - 1 . 1 3 9 - 2 . 0 0 1 - 3 . 1 7 8 - ^ . 3 6 3 - ^ . 0 8 0 -2 .920 - I .U27 - 0 . 7 5 3 - 0 . 0 7 8 0 .000 
.3 0 .000 -0 .127 -0.21+7 -0 .568 -0 .997 -1 .559 -2 .085 -1 .895 -1 .320 -0 .632 - 0 . 3 3 1 - 0 . 0 3 ^ 0 .000 
.U 0 .000 - 0 . 0 3 ^ -0 .066 - 0 . 1 5 1 -0 .265 - o . i + n - 0 . 5 ^ 1 -0.1+8U -0 .333 -0 .157 -0 .082 - 0 . 0 0 9 0 .000 
.5 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 0 0 0 0 .000 0 .000 0 .000 0 .000 
.6 s 
.7 Y 






Table 1J. Approximate Eormulpe for the Buckling Shapes of Partially Restrained Columns. 
Maximum % Error (em) Cas< Airoroximate i ormula 
(&. 
IB 
3 P , = M S l n n x + 0 + i 1=- (1-COS2TTX)} -6.952-
a t x = .1 and 
3 - 7 
w = * * -£> — (1-cos —) 
3+1 3+1 v 2y 
-1+.602** 
a t x = .1 and 
3 = 3 
* Er ro r eva lua ted for .1 <, x <. .9 
* * E r ro r eva lua ted for .1 ^ x <. 1 
give little guidance on their practical use. Although no specific 
rules can "be given with regards to the most suitable points from 
which to evaluate the constants in the approximations yet, it can "be 
stated that in the absence of an adequate computing facility the 
matching at the two extremes is an essential beginning. The third 
matching point, in case of the first order rational function, should 




CONCLUSIONS AND RECOMMENDATIONS 
The concept that the normal stiffness of a compression member 
tends to zero as the axial load tends to the critical value has "been 
shown to "he of as great value to test engineers as it is to theoreticians. 
It has "been demonstrated that the critical load for any strut can De 
ascertained from the knowledge of its lateral stiffness as the 
stiffness-axial lead plots for all boundary conditions of a column are 
parallel lines. 
The less of stiffness concept has been used to establish a 
simple, accurate nondestructive method of evaluating shell bodies 
liable to instability. Not only the method predicts the critical 
load but it generates useful data on the strength distribution of the 
shell body also. The compressive load level used for the generation of 
the pertinent data is very small, kO percent or less of the actual 
buckling load. This is far lower than the lowest load level employed 
in any previous known nondestructive method of shell testing. Due to 
the simplicity of the instrumentation employed and elimination of 
complex analysis of the data, this method has obvious advantages in 
parametric studies. The broadness of the method is demonstrated by 
its successful application to a noncircular shell. However, the 
method appears to work only for the cases where the shape of the 
imperfection caused by the side force and the buckle pattern formed 
under axial load are similar. This has been demonstrated by tests 
made on a spirally stiffened shell. Nonetheless, we feel that a 
detailed investigation is needed to resolve this issue. We suggest 
that a compressed shell subjected to internal and external pressure 
would be an ideal model for such a study. 
The study reported in Chapter V has shown the merit of 
rational function approximations in a wide variety of structural 
problems. In particular, it shows the power of this method with 
reference to deriving critical instability conditions for various 
structural members, e. g., columns and plates. It is clear from 
the investigation made in this area that some of the approximations 
derived therein would be of great assistance in parametric studies 
and most helpful in reducing the program size's for many computer 
design problems. The practical engineers could certainly use these 
simple formulae for a quick and good approximate answer. 
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APPENDIX A 
DATA ACQUISITION PROGRAM AND FLOW DIAGRAM 
The d a t a a c q u i s i t i o n c o n s i s t e d o f a t e l e t y p e i n p u t o f s i d e 
f o r c e u s e d t o d e t e r m i n e t h e s h e l l w a l l s t i f f n e s s , r e a d i n g t h e o u t p u t 
f r o m t h e s t i f f n e s s p r o b e a n d t h e e n d s h o r t e n i n g LVDTs. An o p e r a t i n g 
p r o g r a m , f o r t h e a c q u i s i t i o n a n d a n a l y s i s o f t h i s d a t a , w r i t t e n i n 
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APPENDIX B 
ANALYSIS OF A SPIRAL STIFFENED SHELL 
The following constants appearing in Soong's ( 80) analysis 
were found to be in error. The correct expressions for these constants 
are given "below. 
E 2E A , 
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 2E
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Consider a column of uniform EI and length L subjected to 
an axial compression P. 
P 
X, x 
We define, for simplicity sake, the following nondimensional parameters; 
x = x*/L 
w = w*/L 
P P 




The nondimensionalized differential equation governing the instability 
of a column is, therefore, 
w i V + A2w" = 0 (c-M 
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The general solution to the above stability equation is 
w = C1 + C2x + C3sin(Xx) + C^cos(Xx) (C-5) 
where C , C , C and C, are constants 
Characteristic Equation 
Four homogeneous equations are obtained by substituting the 
general solution for fw! , given by equation (C-5), into the proper set 
of four boundary conditions of the column. For a nontrivial solution 
the determinant of the coefficients C , Cp, CL and Ci must vanish. 
The characteristic equation is obtained by expanding the determinant. 
Given below are the parameters associated with the partial 
restraints at the ends of the column. 
k = lateral spring stiffness 
<{> = rotational restraint stiffness constant 
a = kL3/EI 
3 = <|>L/EI 
The characteristic equations for various cases of column 
instability are given in Table 18. 
Mode Shape 
The buckling mode shape for a column is obtained by establishing 
a ratio between the four constanta C , C„, CL and C, of the general 
Tab] e 18. Characteristic Equations for Column Instability. 








other end free. 
w = 0 
w" = 3w' 
¥" = 0 
w»» = _x w
1 tan X = Y 
x = 0 x = 1/2 x = 1 
Both ends 





tan ± + ^ = 0 
2 
x = 0 x = 1 
Both ends 
simply supported 
wi th unequal r o t a t i o n a l 
r e s t r a i n t s 3-, •> 3p. 
w = 0 
w" = 3 w i 
w = 0 
w" = -3 2 v ' 
[X^ + (61+32)X - 3132X ]sinX 
- [ ( 3 1 + 3 2 ) X
2 + 23132 lcosX 
+ 2 3 1 3 2 = 0 
ro 
Table 18. Continued. 
Case Boundary Conditions at Characteristic Equation 
x = 0 x = 1 
One end fixed, 




w = 0 w" = 0 tar A = X-- — 
a 
w1 = 0 wf'' + X2wT = aw 
One end fixed, 
other end free, 
load applied w = 0 w" = 0 tan X= X(l-T}) 
r^-pLi wf = ° w",+ ̂ ' = *2 
0 <_ n <_ l 
to pass through a 
fixed point on the 
column axis. 
w 
One end simply 
supported, other 
end a t t a c h e d t o \T = 0 w = - ^ w ' 
w" = 0 w" = - £ w f ' ' t a n X = -£X 
a r i g i d "body whose 
f a r end i s s i m p l y UJ 
s u p p o r t e d . °° 
Table l o . Continued. 
Case C h a r a c t e r i s t i c Equation 
Both ends 
-L * R 
BT 
• P 
2 t a Q 2 " - 5 
rounded 
S = (L/2R) 
Cantilever tapered column n = 2 
t a n [p ln/ljT ] + 2p = 0 
2' 1 
, , Pa 1 ,1/2 
where p = { ̂ - - "£ > 
Ix = ^(x/a)" 
I = Moment of Inertia at 
the smaller end of 
column. 
Ip = Moment of Inertia at 
the larger end of 
column. 
n = i|. 
ten y _ , 
u = - a/L 
Y 
where y = (—77") a+L EI. 
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solution. Three of these four constants are expressed in terms of 
the fourth constant by using the homogeneous equations obtained in the 
previous section. The mode shape is, therefore, established but for 
an undetermined multiplier. The mode shapes for two cases of rotation-
ally restrained column are given below. 
(l) One end simply 
supported with 
a w = C [sinAx + — (l-cosAx)] 
1 A 
rotational restraint 
(|3); other end free. 
(2) Both ends simply 
supported with 
P P 
w = C, [sinAx + I- (1-cosAx)] J- A 
equal ro ta t iona l 
r e s t r a in t s $. 
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